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Abstract
The observation of neutrinoless double beta decay will have important consequences.
First it will signal that lepton number is not conserved and the neutrinos are Majorana
particles. Second, it represents our best hope for determining the absolute neutrino mass
scale at the level of a few tens of meV. To achieve the last goal, however, certain hurdles
have to be overcome involving particle, nuclear and experimental physics.
Particle physics is important since it provides the mechanisms for neutrinoless double
beta decay. In this review we emphasize the light neutrino mass mechanism.
Nuclear physics is important for extracting the useful information from the data. One
must accurately evaluate the relevant nuclear matrix elements, a formidable task. To
this end, we review the recently developed sophisticated nuclear structure approaches,
employing different methods and techniques of calculation. We also examine the question
of quenching of the axial vector coupling constant, which may have important conse-
quences on the size of the nuclear matrix elements.
From an experimental point of view it is challenging, since the life times are extremely
long and one has to fight against formidable backgrounds. One needs large isotopically
enriched sources and detectors with good energy resolution and very low background.
∗Permanent address: Theoretical Physics Division, University of Ioannina, GR 451 10 Ioannina,
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1. A brief history of double beta decay
Double beta decay (DBD), namely the non exotic two-neutrino double-beta decay
(2νββ-decay)
(A,Z)→ (A,Z + 2) + e− + e− + νe + νe, (1)
was first considered in publication1 of Maria Goeppert-Mayer in 1935, following
the suggestion of Eugene Wigner about one year after the Fermi weak interaction
theory appeared. In this work an expression for the 2νββ-decay rate was derived
and a half-life of 1017 years was estimated, assuming a Q-value of about 10 MeV.
Two years later (1937) Ettore Majorana formulated a new theory of neutrinos,
whereby the neutrino ν and the antineutrino ν are indistinguishable, and suggested
antineutrino induced β−-decay for experimental verification of this hypothesis.2 In
1939, Wolfgang Furry considered for the first time neutrinoless double beta decay
(0νββ-decay),
(A,Z)→ (A,Z + 2) + e− + e−, (2)
The available energy ∆ is equal to the Q-value of the reaction, i.e. the mass differ-
ence of the ground states of the two atoms involved.
In 1952 Henry Primakoff3 calculated the electron-electron angular correlations and
electron energy spectra for both the 2νββ-decay and the 0νββ-decay, producing
a useful tool for distinguishing between the two processes. At that time, how-
ever, nothing was known about the chirality suppression of the 0νββ-decay. It
was believed that, due to a considerable phase-space advantage, the 0νββ-decay
mode dominates the double beta decay rate. Starting in 1950 this phenomenon
was exploited in early geochemical, radiochemical and counter experiments. It was
found that the measured lower limit on the ββ-decay half-life far exceeds the val-
ues expected for this process, T 0ν1/2 ∼ 1012 − 1015 years. In 1955 the Raymond
Davis experiment4 searching for the antineutrinos from reactor via nuclear reaction
νe +
37Cl → 37Ar+ e−, produced a zero result. The above experiments were inter-
preted as proof that the neutrino was not a Majorana particle, but a Dirac particle.
This prompted the introduction of the lepton number to distinguish the neutrino
from its antiparticle. The assumption of lepton number conservation allows the
2νββ-decay but forbids the 0νββ-decay, in which lepton number is changed by two
units.
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The first geochemical observation of the ββ-decay, with an estimated half-life
T1/2(
130Te) = 1.4× 1021 years, was announced by Ingram and Reynolds in 1950.5
Extensive studies have been made by Gentner and Kirsten6, 7 and others,89 on such
rare-gass isotopes as 82Kr, 128Xe, and 130Xe, which are ββ-decay products of 82Se
128Te, and 130Te, respectively, obtaining half lives around 1021y for 130Te.
Within the Standard Model (SM) it became apparent that the assumption of
lepton number conservation led to the neutrino being strictly massless. With the
development of Grand Unified Theories (GUT’s) of the electroweak and strong in-
teractions, it was realized that lepton number conservation was the result of a global
symmetry not of a gauge symmetry and had to be broken at some level. In such
models one could distinguish between the neutrinos produced in weak interactions
(flavor neutrinos) and the eigenstates of the world Hamiltonian. The latter eigen-
states can naturally be Majorana neutrinos, while Dirac type eigenstates could arise
as a special case. The flavor neutrinos could still be of Dirac type, if the Majorana
phases of the eigenstates are all the same, in agreement with Davis experiment.4
Thus, through the pioneering work of Kotani and his group,10 the interest in 0νββ-
decay experiments was revived and brought it again to the attention of the nuclear
physics community.
The 0νββ-decay, which involves the emission of two electrons and no neutrinos,
has been found to be more than a tool in studying lepton number violating pro-
cesses. Schechter and Valle proved that, if the 0νββ-decay takes place, regardless
of the mechanism causing it, the neutrinos are Majorana particles with non-zero
mass.11, 12 It was also recognized that the GUT’s and R-parity violating SUSY
models offer a plethora of the 0νββ-decay mechanisms triggered by exchange of
neutrinos, neutralinos, gluinos, leptoquarks, etc.13–15
The experimental effort concentrated on high Qββ isotopes, in particular on
48Ca, 76Ge, 82Se, 96Zr, 100Mo, 116Cd, 130Te, 136Xe and 150Nd.16–19 In 1987 the first
actual laboratory observation of the two neutrino double beta decay (2νββ-decay)
was done for 82Se by M. Moe and collaborators,20 who used a time projection
chamber. Within the next few years, experiments employing counters were able to
detect 2νββ-decay of many nuclei. In addition, the experiments searching for the
signal of the 0νββ-decay pushed by many orders of magnitude the experimental
lower limits for the 0νββ-decay half-life of different nuclei.
A great leap forward was achieved, when, early measurements of neutrinos pro-
duced in the sun, in the atmosphere, and by accelerators, suggested that neutrinos
may oscillate from one ”flavor” (electron, muon, and tau) to another, expected if
the neutrinos are massive and non degenerate in mass. Non-zero neutrino mass
can be accommodated by fairly straightforward extensions of the SM of particle
physics. Thus now, starting in 1998, we have convincing evidence about the ex-
istence of non zero neutrino masses in SuperKamiokande,21 SNO,22 KamLAND23
and other experiments. Such experiments, however, cannot determine the absolute
scale of neutrino mass. So the determination of the scale of neutrino mass has been
directed to other methods, such as cosmological observations, β-decay experiments
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Fig. 1. Schematic diagrams of ββ decays in nuclear femto (10−15m) laboratories, where single
β-decay is forbidden, while neutrinoless double-beta decay is allowed.
and, especially if the scale happens to be in the meV range, to 0νββ-decay, see,
e.g., the recent review.24
So far the 2νββ-decay has been recorded for eleven nuclei (48Ca, 76Ge, 82Se,
96Zr, 100Mo, 116Cd, 128Te, 130Te, 150Nd, 136Xe, 238U).16–18 In addition, the 2νββ-
decay to the first 0+ excited state of the daughter nucleus has been observed in the
case of the targets 100Mo and 150Nd. Furthermore the two-neutrino double electron
capture process in 130Ba has been recorded.
Neutrinoless double beta decay has not yet been confirmed. The strongest limit
recently obtained is T1/2 > 1.1× 1026y by Gando et al25 (see section 6 for details).
If the neutrinos are Majorana particles other related processes in which the
charge of the nucleus is decreased by two units may also occur, if they happen
to be allowed by energy and angular momentum conservation laws, e.g. double
positron emission, electron positron conversion, resonant neutrinoless double elec-
tron capture (0νECEC).26–29 This is an interesting topic with a lot of theoretical
work30–34 and it appears promising in view of progress in accurately determining
the Q-values35 needed to establish the condition of resonance employing Penning
traps.36–38 Recently, the accuracy of Q-values at around 100 eV was achieved,39–50
which has already allowed to exclude some of isotopes from the list of the most
promising candidates (e.g., 112Sn and 164Er) for searching the 0νECEC. In spite
of the fact that an increased experimental activity in the field of the resonant
0νECEC51–57 in the case of 106Cd55 and 112Sn.53 Resonant 0νECEC has some im-
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portant advantages with respect to experimental signatures and background con-
ditions, but we do not know of any experiment under way in this direction and we
are not going to review this field further.
Anyway 0νββ-decay (Eq. (2)), seventy five years after it was first conceived,
seems to be the most likely to yield the information58–65 we seek.
2. Motivation for pursuing neutrinolless double beta decay
From a nuclear physics62, 63, 66–70 point of view, calculating the relevant nuclear
matrix elements is indeed a challenge. First almost all nuclei, which can undergo
double beta decay, are far from closed shells and some of them are even deformed.
One thus faces a formidable task. Second the nuclear matrix elements are small
compared to a canonical value, like the one associated with the matrix element
to the (energy non allowed) double Gamow-Teller resonance or a small fraction of
some appropriate sum rule. Thus, effects which are normally negligible, become
important here. Third, in many models the dominant mechanism for 0νββ-decay
may not involve intermediate light neutrinos, but very heavy particles. Thus one
must be able to cope with the short distance behavior of the relevant operators (see
section 8 for details).
It is also important from a particle physics point of view. The recent discovery
of neutrino oscillations21, 71–75 have given the first evidence of the fact that the
neutrinos are massive, which necessitates to go beyond the Standard Model (SM)
of particle physics More specifically these experiments showed that the neutrinos are
admixed and determined all three mixing angles (for a global analysis see, e.g.,76, 77).
Furthermore they determined one square mass difference ∆m221 and the absolute
value of the other. i.e. ∆m232 or ∆m
2
31. Future neutrino oscillations in matter are
expected to fix the unknown sign. Neutrino oscillations, however, cannot determine:
• Whether the neutrinos are Majorana or Dirac particles.
It is obviously important to proceed further and decide on this important
issue. Neutrinoless double beta decay can achieve this, even though, as we
have mentioned, there might be other lepton violating processes contribut-
ing to 0νββ-decay. It is known that whatever lepton number violating pro-
cess gives rise to 0νββ-decay, it can be used to generate a Majorana mass
for the neutrino.11
• The scale of the neutrino masses.
This task can be accomplished by astrophysical observations or via other
experiments involving low energy weak decays, like triton decay or electron
capture, or the 0νββ-decay. It seems that for a neutrino mass scale in meV,
(10−3 eV), region, the best process to achieve this is the 0νββ-decay. The
extraction of neutrino masses from such observations will be discussed in de-
tail and compared with each other later (see section 4).24 This mechanism,
however, is not the only one, which can induce 0νββ-decay. If, however,
0νββ is ever found to occur, it will be possible to disentangle the most
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important neutrino mass contribution, involving the neutrino mass scale,
from the other mechanisms, provided that data on a number of targets
become available.
The neutrino hierarchy, i.e. whether the neutrinos are almost degenerate, the normal
hierarchy (∆m232 > 0) or the inverted hierarchy (∆m
2
31 < 0), can also be inferred
from double beta decay. For details on such issues see recent reviews.24, 78–80 As we
have mentioned to extract useful information from the 0νββ decay one must know
the nuclear matrix elementsa. Efforts to this end can be summarized as follows:
1. Shell model calculations. These have a long history69, 70, 83–87 in double beta
decay calculations. In recent years it has lead to large matrix calculations in tradi-
tional as well as Monte Carlo types of formulations.66–68, 88–91 For a more complete
set of references as well as a discussion of the appropriate effective interactions see
Ref.62).
2. QRPA calculations. There have been a number of such calculations covering al-
most all nuclear targets.92–104 These involve a number of collaborations, but the
most extensive and complete calculations in one way or another include the Tue-
bingen group. We also have seen some refinements of QRPA, like proton neutron
pairing, inclusion of renormalization effects due to Pauli principle corrections105, 106
and isospin restoration.107 Other less conventional approaches, like operator expan-
sion techniques have also been employed.63
3. Other nuclear models. Recently, calculations based on the Projected Hartree-
Fock-Bogoliubov (PHFB) method,108 the Interacting Boson Model (IBM)109, 110
and the Energy Density Functional (EDF) method91 and relativistic EDF
(REDF)111 entered the field of such calculations.
The above schemes, in conjunction with the other improvements mentioned above,
offer some optimism in our efforts for obtaining nuclear matrix elements accurate
enough to allow us to extract reliable values of the lepton violating parameters from
the data.
The experimental results will be examined and discussed in section 6.
3. The neutrino mass and mixing
Within the SM of elementary particles, with the particle content of the gauge bosons
Aµ, Zµ and W
±,0
µ , the Higgs scalar isodoublet Φ = (φ
0, φ−) (and its conjugate Φ∗)
and the fermion fields arranged in:
• Isodoublets: (uαL, dαL) and (ναL, eαL) for quarks and leptons respectively
and
• Isosinglets: uαR, dαR and eαR
aIt is not possible to deduce the expected neutrino mass from 0νββ employing Baysian statistics81
based on a Markov chain Monte Carlo,82 since one cannot avoid the issue related to other possible
mechanisms contributing to the process.
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where α is a family index taking three values. In the context of the standard model
(SM) the neutrinos are massless. They can not obtain mass after the symmetry
breaking, like the quarks and the charged leptons do, since the right handed neutrino
is absent.
3.1. Neutrino mass
The minimal extension of the SM that would yield mass for the neutrino is to in-
troduce an isosinglet right handed neutrino. Then one can have a Dirac mass term
arising via coupling of the leptons and Higgs.24, 79, 80 The existence of Dirac neu-
trinos is fine within the above minimal extension, but this is not interesting from
our point of view, since the particle cannot be the same with its antiparticle and,
thus, it cannot lead to neutrinoless double beta decay. Furthermore in grand unified
theories one is faced with the problem that these neutrinos are going to be very
heavy with a mass similar to that of up quarks, which is clearly unacceptable. So
such a model is inadequateb. The next extension of the SM is to introduce a Majo-
rana type mass involving the isosinglet neutrinos and an additional isosinglet Higgs
field, which can acquire a large vacuum expectation value, an idea essentially put
forward by Weinberg113 long time ago. Thus the neutrino mass matrix becomes:24
M = (ν¯L, ν¯cL)
(
0 mD
(mD)T mR
)(
νR
νcR
)
(3)
Thus, provided that the Majorana mass matrix has only very large eigenvalues, one
obtains an effective Majorana 3× 3 matrix:
Mν = −ν¯L(mD)TM−1R mDνcR, (4)
which can provide small neutrino masses provided that the eigenvalues of the ma-
trixMR are sufficiently large.MR can be arbitrarily large and is identified the total
lepton number violating (LNV) scale indicated by mLNV . This new scale, com-
monly associated with the vacuum expectation of the isosinglet, does not affect the
low energy scale arising from the vacuum expectation value of the standard Higgs
particles.
This is the celebrated see-saw mechanism. More precisely there exist three see-saw
types ( see, e.g., Abada et al114 for a summary and more recently115, 116). Further-
more in some of these versions116 new contributions to neutrinoless double beta
decay are claimed. A more systematic decomposition of the neutrinoless double
beta decay operator has also recently appeared.117
It is possible for the heavy Majorana neutrinos not to be equally heavy. By
appropriately arranging the corresponding Dirac coupling, it is possible to get one
bThere may exist light Dirac neutrinos in theories formulated in extra dimensions, see e.g. the
recent review by Smirnov.112 If these neutrinos do not couple to the usual leptons they are of
little interest to us. If they do and it so happens that the standard neutrinos are Majorana, they
also become Majorana, except in the case of very fine tuning.
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Majorana neutrino in the keV scale, which couples very weakly to the three light
neutrinos. This is the so called sterile neutrino.
Anyway with the see-saw mechanism the neutrino flavors get admixed, the resulting
eigenstates are Majorana particles and lepton number violating interactions, like
0νββ decay, become possible.
Other extensions of the SM, which do not require the presence of right-handed
neutrinos, are possible in which a light 3 × 3 Majorana mas matrix mν can be
generated via an isotriplet scalar acquiring a vacuum expectation value or via its
couplings to two isodoublet scalar fields at tree or at the one loop level. It is also
possible to achieve this via generic diagrams involving Weinberg’s idea.113, 118 By
introducing exotic isosinglet or isotriplet fermions or in the context of R-parity
violating supersymmetry.119 We will not consider these possibilities, since they have
been examined elsewhere.24 We should mention, however, that there exist models
which generate Majorana masses at the 2-loop level, first proposed long time ago120
as an economic way of getting neutrino Majorana mass. In one such approach,121
reinventing the extended Majorana matrix,122 now coined inverse see-saw, it is
claimed that, using the available neutrino oscillation data, the full Majorana matrix
can be determined leading to a prediction of the Majorana phases.
3.2. Neutrino mixing
We have seen above that in general the neutrino mass matrix, Eq. (3), is a com-
plex symmetric matrix. It can, however, be diagonalized by separate left and write
unitary transformations58:24
SL ↔
(
ν0L, ν
0c
L
)
=
(
S(11) S(12)
S(21) S(11)
)(
ν′L
N ′L
)
,
SR ↔
(
ν0cR , ν
0
R
)
=
((
S(11)
)∗ (
S(12)
)∗(
S(21)
)∗ (
S(22)
)∗
)(
ν′R
N ′R
)
(5)
where we have added the superscript 0 to stress that they are the states entering
the weak interactions. S(ij) are 3× 3 matrices with S(11) and S(22) approximately
unitary, while S(12) and S(21) are very small. (ν′L, N
′
L) and (ν
′
R, N
′
R) are the eigen-
vectors from the left and the right respectively. Thus the neutrino mass in the new
basis takes the form:
Mν =
3∑
j=1
(
mj ν¯
′
jLν
′
jR +MjN¯
′
jLN
′
jR
)
+H.C. (6)
This matrix can be brought into standard form by writing:
mj = |mi|e−iαj , Mj = |Mi|e−iΦj
and defining:
νj = ν
′
jL + e
−iαjν′jR Nj = ν
′
jL + e
−iΦjN ′jR
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Then
Mν =
3∑
j=1
(|mj |ν¯jνj + |Mj |N¯jNj) (7)
Note, however, that:
νc = ν′jR + e
iαjν′jL = e
iαj
(
ν′jL + e
−iαjν′jR
)
= eiαjνj
N c = N ′jR + e
iΦjN ′jr = e
iΦj
(
ν′jR + e
−iΦjN ′jR
)
= eiΦjNj (8)
i.e. they are Majorana neutrinos with the given Majorana phases. Furthermore
νiL = ν
′
iL, νiR = e
−iαjν′iR, NiL = N
′
iL, NiR = e
−iΦjν′iR
The first of Eqs. (5) remains unchanged, while the second can now be written as
SR ↔
(
ν0cR , ν
0
R
)
=
((
S(11)
)∗ (
S(12)
)∗(
S(21)
)∗ (
S(22)
)∗
)(
eiανR
eiΦNR
)
(9)
where eiα and eiΦ are diagonal matrices containing the above Majorana phases.
The full parametrization of matrix U includes 15 rotational angles and 10 Dirac
and 5 Majorana CP violating phases.
The neutrinos interact with the charged leptons via the charged current (see
below). So the effective coupling of the neutrinos to the charged leptons involves
the mixing of the electrons Se. Thus the standard mixing matrix appearing in the
absence of right-handed neutrinos is:
UPMNS = U = U
(11) =
(
S(e)
)+
S(11) (10)
The other entries are defined analogously:
U (ij) =
(
S(e)
)+
S(ij), (ij) = (12), (21), (22) (11)
In particular the usual electronic neutrino is written as:
νeL =
∑
j
(
U
(11)
ej νjL + U
(12)
ej NjL
)
, νceL =
∑
j
(
U
(21)
ej νjL + U
(22)
ej NjL
)
(12)
νceR =
∑
j
(
U
(11)
ej )
∗eαjνjR + (U
(12)
ej )
∗eΦjNjR
)
,
νeR =
∑
j
(
U
(21)
ej )
∗eαjνjR + (U
(22)
ej )
∗eΦjNjR
)
(13)
In other words the left handed neutrino may have a small heavy component, while
the right handed neutrino may have a small light component. Note also that the
neutrinos appearing in weak interactions can be Majorana particles in the special
case that all Majorana phases are the same.
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Unfortunately the above notation is not unique. For the reader’s convenience
we mention that sometimes the notation
U (11) → U, U (12) → S, U (21) → T, U (22) → V (14)
is employed.123 It is also possible to decompose the 6×6 mixing matrix as follows123
U =
(
1 0
0 U0
)(
A R
S B
)(
V0 0
0 1
)
, (15)
where 0 and 1 are the 3 × 3 zero and identity matrices, respectively. The
parametrization of matrices A, B, R and S and corresponding orthogonality re-
lations are given in.123 In the limit case A = 1, B =1, R = 0 and S = 0 there
would be a separate mixing of heavy and light neutrinos, which would participate
only in left and right-handed currents, respectively. In that case only the neutrino
mass mechanism of the 0νββ-decay would be allowed and exchange neutrino mo-
mentum dependent mechanisms associated with theWL-WR exchange andWL-WR
mixing would be forbidden. If masses of heavy neutrinos are above the TeV scale,
the mixing angles responsible for mixing of light and heavy neutrinos are small. By
neglecting the mixing between different generations of light and heavy neutrinos A,
B, R and S matrices can be approximated as follows:
A ≈ 1, B ≈ 1, R ≈ mD
mLNV
1, S ≈ − mD
mLNV
1. (16)
Here, mD represents energy scale of charged leptons and mLNV is the total lepton
number violating scale, which corresponds to masses of heavy neutrinos. For sake of
simplicity the same mixing angle is assumed for each generation of mixing of light
and heavy neutrinos. We see that U0 can be identified to a good approximation
with the PMNS matrix and V0 is its analogue for heavy neutrino sector. Both of
them are almost unitary matrices of order 1, but unrelated to each other. Since V0
is unknown, sometimes it is assumed that the structure of V0 is the same one as
U0.
The situation is very much simplified, if the mixing between the light and heavy
neutrinos is small24 by diagonalizing the matrix given by Eq. (4). Then the mix-
ing is described by the Pontecorvo-Maki-Nakagawa-Sakata neutrino mixing matrix
UPMNS , which is parametrized by
UPMNS =

 c12c13 c13s12 e−iδs13−c23s12 − eiδc12s13s23 c12c23 − eiδs12s13s23 c13s23
s12s23 − eiδc12c23s13 −eiδc23s12s13 − c12s23 c13c23

 , (17)
where
cij ≡ cos (θij), sij ≡ sin (θij). (18)
θ12, θ13 and θ23 and three mixing angles and δ is the CP-violating phase. Sometimes
the Majorana phases are absorbed into the mixing matrix. Then the above matrix
is multiplied from the right by the diagonal matrix, e.g. diag(eiα1 , eiα2 , 1).
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The theoretical goal is to drive the above matrix on the basis of suitable exten-
sions of the Standard Model (SM) as mentioned above,24 which are not going to be
discussed here. In recent years, especially after the first neutrino oscillation experi-
ments, a different approach based on symmetries has been adopted. In this approach
one extends the symmetry Gs of the SM to a larger symmetry G ⊃ Gs×Gf , where
Gf is called flavor or horizontal symmetry. Since there exist only three generations
a natural candidate Gf = SUf(3). This leads to the phenomenologically successful
discreet symmetry A4,
124 which is isomorphic to the set of the even permutations of
4 objects, which has 12 generators. An avalanche of papers involving this symmetry
as well as its subsequent extensions and breaking, when θ13 was found to be non
zero, followed, see e.g. the recent article125 and the reviews126–128 with relevance
to 0νββ-decay. Applications of this approach to neutrino masses relevant to 0νββ
have recently begun to develop. e.g.129–131
One therefore would like to see the SUf as a gauge symmetry, spontaneously
broken without surviving Golstone bosons. The first step in this direction has been
made.132 In fact this has been shown to be possible by considering quadratic and
quartic scalar potentials, which are SU(3) and SO(3( invariant, constructed by
exploiting the full symmetry chain SU(3) ⊃ SO(4) ⊂ A4. There are sufficient
A4 singlets, 1 (A4 invariant ) as well as of the type 1
′ and 1′′, which can cause
the spontaneous symmetry breaking down to A4. The minimum set of an SU(3)
10 (decouplet) and 10∗ together with the adjoined 8 (octet) is sufficient for this
purpose. Attempts to embed the Gs×SUf(3) to a higher Grand Unified Symmetry
(GUT) are also currently under way.
4. Attempts at measuring the absolute scale of the neutrino mass
The neutrino oscillation data, accumulated over many years, converge towards a
minimal three-neutrino framework, where known flavor states (νe, νµ, ντ ) are ex-
pressed as a quantum superpositions of three massive states νi (i=1,2,3) with masses
mi. With the discovery of neutrino oscillations quite a lot of information regarding
the neutrino sector has become available (e.g., for recent reviews see78, 133). More
specifically we know:
• The mixing angles θ12 and θ23 and θ13.
• We know the two independent mass-squared differences, which can be cho-
sen as follows:δm2 = m22 −m21 and ∆m2 = m23 − (m21 +m22)/2.
• A limited information is available also about the Dirac CP-violating phase
δ.134
Neutrino oscillation experiments cannot tell us about the absolute scale of neutrino
masses. The measured two neutrino mass squared differences suggest two scenarios
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for neutrino mass pattern: i) Normal Spectrum-NS: m1 < m2 < m3:
m1 = m0, m2 =
√
m20 + δm
2, m3 =
√
m20 +∆m
2 +
δm2
2
; (19)
ii) Inverted Spectrum-IS, m3 < m1 < m2:
m1 =
√
m20 +∆m
2 − δm
2
2
, m2 =
√
m20 +∆m
2 +
δm2
2
, m3 = m0. (20)
Here, m0 = m1(m3) is the lightest neutrino mass. Given the type of neutrino mass
The current values of neutrino oscillations parameters obtained by a global
fit of results coming from experiments using neutrinos from solar, atmospheric,
accelerator and reactor sources are presented in Ref.134 This combined analysis
allows to constrain the previously unknown CP phase δ. Concerning the type of
spectrum (sign(∆m2)), there is no indication in favor of normal or inverted mass
ordering. However, assuming NS there is a hint about the other unknown, namely
a preference is found in favor of the first θ23 octant (θ23 < π/4 at ∼ 95% C.L.).
We note that a similar results were obtained also by a global fit performed by
Gonzalez-Garcia et al.,135 who considered a different definition of two mass squared
differences.
The absolute scale m0 of neutrino mass can in principle be determined by the
following observations:
• Neutrinoless double beta decay.
As we shall see later (section 5) the effective light neutrino massmββ (some-
times denoted as Majorana neutrino mass) extracted in such experiments
is given as follows:24, 58, 79, 80, 136
mββ = |
3∑
k
(U
(11)
ek )
2 mk| = |c212c213e2iα1m1+c213s212e2iα2m2+s213m3|. (21)
• The neutrino mass extracted from ordinary beta decay, e.g. from triton
decay.137–139
mβ =
√√√√ 3∑
k
|U (11)ek |2m2k =
√
c212c
2
13m
2
1 + c
2
13s
2
12m
2
2 + s
2
13m
2
3. (22)
assuming, of course, that the three neutrino states cannot be resolved.
• From astrophysical and cosmological observations (see, e.g., the recent sum-
mary140).
Σ =
3∑
k
mk ≤ mastro (23)
The current limit on Σ depends on the type of observation.140 In our pre-
vious report24 we used the CMB primordial specrum which gives 1.3 eV,
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CMB+distance 0.58 eV, galaxy distribution and and lensing of galaxies
0.6 eV. On the other hand the largest photometric red shift survey yields
0.28 eV.141 Since then various analysis have been performed. It is worth
stressing the following 2 σ C. L. upper limits: 0.17 eV obtained in Ref.142
by combining CMB data of the Wilkinson Microwave Anisotropy Probe,
galaxy clustering and the Lyman-alpha forest of the Sloan Digital Sky Sur-
vey (SDSS); 0.18 eV of Ref.143 using Planck and Wiggle Z galaxy clustering
data; 0.14 eV obtained in Ref.144 by combining Lyman-alpha SDSS data
with Planck; 0.153 eV obtained in Ref.145 by using Planck temperature and
polarization measurements including a prior on the Hubble parameter, Su-
pernovae and Baryonic Acoustic Oscillations (BAOs). It has recently been
shown in Ref.146 that the variation of the astrophysical data affects the
range of the expected neutrino mass of the 0νββ-decay.
The above mass combinations entering triton decay and cosmological constraints
are not going to be discussed here, since they can be found in an earlier review.24
We will discuss here only those relevant for 0ν ββ decay.
The value Majorana neutrino mass mββ can be predicted in the limit of the
normal and inverted hierarchies:
(1) Normal Hierarchy (NH): m1 ≪ m2 ≪ m3:
In this case for the neutrino masses we have
m1 ≪
√
δm2. m2 ≃
√
δm2, m3 ≃
√
∆m2.
Neglecting a small contribution of m1 to mββ we find
|s212c213
√
δm2 − s213
√
∆m2| ≤ mββ ≤ s212c213
√
δm2 + s213
√
∆m2. (24)
Using the best-fit values of the mass squared differences and the mixing angles
we find
1.4 meV ≤ mββ ≤ 3.6 meV. (25)
(2) Inverted Hierarchy (IH): m3 ≪ m1 < m2:
In the IH scenario
m3 ≪
√
∆m2, m1 ≃ m2 ≃
√
∆m2.
We find
|1− 2s212|c213
√
∆m2 ≤ mββ ≤ c213
√
∆m2. (26)
Using the best-fit values of the parameters we find the following range for mββ
in the case of the IH:
20 meV ≤ mββ ≤ 49 meV. (27)
In Fig. 2 the updated prediction on the Majorana neutrino mass is plotted as
function of the lightest neutrino mass m0. The 3σ values of neutrino oscillations
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Fig. 2. (Color online) Updated predictions on mββ from neutrino oscillations versus the lightest
neutrino mass m0 in the two cases of normal (the blue region) and inverted (the red region)
spectra. The 3σ values of neutrino oscillation parameters are considered.134 The excluded region
by cosmological data (Σ < 110 meV147) is (m0 > 26 meV (NS), 87 meV (IS)) presented in yellow.
parameters θ12, θ13, δm
2 and ∆m2 are taken into account.134 The two Majorana
phases α1,2 are assumed to be arbitrary. The constraint from the cosmological data
(Σ < 110 meV147) on the lightest neutrino mass (m0 > 26 meV (NS), 87 meV (IS))
is displayed.
4.1. The effect of nuclear enviroment on Majorana neutrino mass
It has recently been proposed that the neutrino mixing and masses in a nucleus can
differ significantly from those in vacuum, if there exist exotic particles, preferably
scalars, which do interact with neutrinos. The related nuclear matter effect on the
0νββ-decay rate can be calculated in the mean field approach.148
The effective four-fermion neutrino-quark lepton number violating Lagrangian
with the operators of the lowest dimension can be written as
Leff = 1
Λ2LNV
∑
i,j,q
(
gqijν
C
LiνLj q¯q +H.c.
)
, (28)
where the fields νLi are the active neutrino left-handed flavor states, g
q
ij are their
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dimensionless couplings to the scalar quark currents with i, j = e, µ, τ .
For sake of simplicity we consider case of scalar coupling. In this case the effective
Majorana mass148 is
mββ =
∣∣∣∣∣
3∑
i=1
(Uei)
2 ξi|mi − 〈q¯q〉g|
∣∣∣∣∣ . (29)
The Majorana phase factor ξi is given in.
148
With the above simplification the quantity mββ in nuclear medium in com-
parison with the one in vacuum depends on the new unknown parameter g. The
unknown phases in Eq. (29) are varied in the interval [0, 2π]. In Figure 3 mββ is
expressed as a function of a directly observable parameters, namely mβ and Σ. The
best-fit values of vacuum mixing angles and the neutrino mass squared differences
are taken from.134 In upper and lower panels green, blue and red bands refer to
values 〈q¯q〉g = 0 (vacuum), 0.1, and −0.05 eV, respectively. We see that in-medium
(g 6= 0) values of mββ differ significantly from those for a vacuum (g = 0).
If in the future the gradually improving limits on mβ and Σ will come into
conflict with the possible evidence of the 0νββ-decay represented bymββ in vacuum,
new physics would be mandatory. A possible explanation could be a generation of
in-medium Majorana neutrino mass due to nonstandard interactions of neutrinos
with nuclear matter of decaying nuclei.
The limit on Majorana neutrino mass from the 0νββ-decay experiments depends
on the value of nuclear matrix elements (NMEs). Taking as an experimental limit
the value |mββ| < 0.2 eV and combining it with the cosmological and tritium limits
one finds148
ΛLNV ≥ 2.4 TeV (Planck), 1.1 TeV (3H). (30)
For convenience the above limits can be expressed in terms of a dimensionless
parameter εij defined as εijGF /
√
2 = gqij/Λ
2
LNV . The quantity εij characterizes
the relative strength of the 4-fermion lepton number violating operators in (28)
with respect to the Fermi constant GF . We find εij ≤ 0.02 (Planck), 0.1 (Tritium).
5. The intermediate Majorana neutrino mechanism.
We have seen that the determination of the scale of the neutrino mass is an urgent
issue of current physics. To proceed further, however, on this goal, i.e. in our study
of the neutrino mediated 0νββ-decay process, it is necessary to study the structure
the effective weak beta decay Hamiltonian. In general it has both left handed and
right handed components. Within the SU(2)L × SU(2)R × U(1) we encounter the
following situations:
5.1. The light neutrino mass mechanism
The 0νββ-decay is a process of second order in the perturbation theory of weak
interactions. In the case of the light neutrino mass mechanism of the 0νββ-decay
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Fig. 3. (Color online) The allowed range of values for effective Majorana mass mββ as a function
of the effective electron neutrino mass mβ (left panels) and sum of neutrino masses Σ (right
panels). The upper and lower panels correspond to the cases of the inverted and normal spectrum
of neutrino masses. In panels green, blue and rad bands refer to to values 〈q¯q〉g = 0 (vacuum),
0.1, and −0.05 eV, respectively.
the weak β-decay Hamiltonian has the standard form,
Hβ =
Gβ√
2
[
(e¯γρ(1− γ5)νe) Jρ†L + h.c.
]
(31)
eL(eR) and ν
0
eL(ν
0
eR) are field operators representing the left (right) handed elec-
trons and electron neutrinos in a weak interaction basis in which the charged lep-
tons are diagonal. We have seen above the the weak neutrino eigenstates can be
expressed in terms of the propagating mass eigenstates58 (see Eqs. (12) and (13)).
Thus omitting the subscript zero we write
νe =
3∑
k=1
Uekνk, (32)
with νk the light neutrino mass eigenstates. Here, Gβ = GF cos θC , where GF and
θC are Fermi constant and Cabbibo angle, respectively. νk is the Majorana neutrino
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field, Jρ is the V-A hadronic current:
〈p(P ′)| Jµ† |n(P )〉 = u¯p(P ′)
[
gV γ
µ + igM
σµν
2mN
(P ′ − P )ν
− gAγµγ5 − gpγ5(P ′ − P )µ
]
un(P
′), (33)
where the up(P
′) and un(P ) are the spinors describing the proton and neutron
with corresponding four-momenta P ′µ = (E′,p′) and Pµ = (E,p), respectively.
mN is the nucleon mass, q = P
′ − P is the momentum transfer and qV ≡ qV (q2),
qM ≡ qM (q2), qA ≡ qA(q2) and qP ≡ qP (q2) are the vector, weak-magnetism,
axial-vector and induced pseudoscalar form-factors, respectively. mN is the nucleon
mass.
Within the non-relativistic impulse approximation, the hadronic current can be
written as60
Jρ†L (x) =
∑
n
τ+n δ(x− rn)
[
(gV − gACn) gρ0
+ gρk
(
gAσ
k
n − gVDkn − gP qkn
~σn · qn
2mN
)]
. (34)
Here, qn = pn − p′n is the momentum transfer between the nucleons. The final
proton (initial neutron) possesses energy E′n (En) and momentum p
′
n (pn). ~σn, τ
+
n
and rn are the Pauli matrix, the isospin raising operator and the position operator,
respectively. These operators act on the n-th nucleon.
The nucleon recoil operators Cn and Dn are given by
Cn =
~σ ·
(
pn + p
′
n
)
2mN
− gP
gA
(
En − E
′
n
) ~σ · qn
2mN
,
Dn =
(
pn + p
′
n
)
2mN
− i
(
1 +
gM
gV
)
~σ × qn
2mN
. (35)
Here, qM ≡ qM (q2) and qP ≡ qP (q2) are, respectively, the weak-magnetism and
induced pseudoscalar form-factors in the case of left-handed hadronic currents.
5.2. The V-A mechanism with sterile neutrino(s)
Here by the term sterile we do not mean only the usual sterile neutrino discussed in
section 3.1, which is heavier than the standard neutrino but lighter than a few keV
and is often included in discussions of cosmology and neutrino oscillations. In other
words here we assume that in addition to the three conventional light neutrinos
there exist other Majorana neutrino mass eigenstates N of an arbitrary mass mN,
dominated by the sterile neutrino species νs and with some admixture of the active
neutrino weak eigenstates, νe,µ,τ as
N =
∑
α=s,e,µ,τ
UNα να. (36)
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Massive neutrinos N have been considered in the literature in different contexts
with the masses mN ranging from the eV to the Planck scale, in particular with
neutrino mass at keV (hot dark mater), Fermi (∼ 200 MeV), TeV (physics at LHC),
GUT (1016 GeV) or Planck (1016 GeV) scale.149 Their phenomenology have been
actively studied from various perspectives including their contribution to particle
decays and production in collider experiments.150, 151 The corresponding searches
for N have been carried out in various experiments.152
5.3. The mechanisms within the left-right symmetric model
The left-right symmetric models (LRSM)153, 154 provide a natural framework to
understand the origin of neutrino Majorana masses. In general one cannot predict
the scale where the left-right symmetry is realized, but it is natural to assume that
it could be as low as ∼ a few TeV which can affect the 0νββ decay rate signif-
icantly.155–157 In the left-right symmetric theories in addition to the left-handed
V-A weak currents also leptonic and hadronic right-handed V+A weak currents
are present.
The effective current-current interaction at low energies, which can trigger the
0νββ-decay,
Hβ =
Gβ√
2
[
j ρL J
†
Lρ − ǫj ρL J†Rρ + ǫj ρR J†Lρ + κj ρR J†Rρ + h.c.
]
. (37)
Here, ǫ is the mixing of WL and WR gauge bosons
WL = cos ǫW1 − sin ǫW2, WR = sin ǫW1 + cos ǫW2 (38)
where W1 and W2 are the mass eigenstates of the gauge bosons with masses MW1
and MW2 , respectively. The mixing is assumed to be small, sin ǫ ≈ ǫ, cos ǫ ≈ 1, and
MW1 ≈ mWL , MW2 ≈ mWR . κ is the mass squared ratio κ =
M2W1
M2W2
. The left-handed
hadron current is given Eq. (34) and right-handed hadron current takes the form
Jρ†R (x) =
∑
n
τ+n δ(x− rn)
[
(g′V + g
′
ACn) g
ρ0
+ gρk
(
−g′Aσkn − g′VDkn + g′P qkn
~σn · qn
2mN
)]
.
(39)
As the strong and electromagnetic interactions conserves parity there are relations
among form-factors entering the left-handed and right-handed hadronic currents:60
gA
gV
=
g′A
g′V
,
gM
gV
=
g′M
g′V
,
gP
gV
=
g′P
g′V
. (40)
The left- and right-handed leptonic currents are given by
j ρL = e¯γρ(1− γ5)νeL, j ρR = e¯γρ(1 + γ5)νeR.
(41)
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The νeL and νeR are the weak eigenstate electron neutrinos, which are expressed as
superpositions of the light and heavy mass eigenstate Majorana neutrinos νj and
Nj , respectively. The electron neutrinos eigenstates can be expressed as
νeL =
3∑
j=1
(
UejνjL + Sej(NjR)
C
)
,
νeR =
3∑
j=1
(
T ∗ej(νjL)
C + V ∗ejNjR
)
. (42)
Before proceeding further we should mention that in the context of the above
0νββ-decay is a two step process. The neutrino is produced via the lepton current
in one vertex and propagates in the other vertex. If the two current helicities are
the same one picks out of the neutrino propagator the term:
mj
q2 −m2j
→
{
mj/q
2, m2j ≪ q2
−1/mj, m2j ≫ q2
(43)
where q is the momentum transferred by the neutrino. In other words the ampli-
tude for light neutrino becomes proportional to its mass, but for a heavy neutrino
inversely proportional to its mass.
If the leptonic currents have opposite chirality the one picks out of the neutrino
propagator the term:
6q
q2 −m2j
→ 6q
q2
, m2j ≪ q2 (44)
i.e. in the interesting case of light neutrino the amplitude does not explicitly depend
on the neutrino mass. The kinematics becomes different than that for the mass term.
At this point we should note that, in general, there can be several coexisting
mechanisms for the 0νββ decay. In addition to the light Majorana ν exchange and
heavy Majorana ν exchange, with or without right handed currents, just discussed,
one can have contributions from R parity breaking super symmetry etc. In order
to extract the most interesting information related to the light neutrino mass in
the presence of two or more competing mechanisms, we need to measure the 0νββ
decay rates for several isotopes. In order to determine the relative contributions of
each mechanism, we need for each one of them very precisely known NMEs for the
isotopes involved.24
Before proceeding further with theoretical issues we will review the current
status and the future prospects of double beta decay searches.
6. Experiments of neutrinoless double beta decay
In this section we briefly describe experimental aspects of DBD and recent DBD
experiments. Details of DBD experiments are given in reviews.17, 18, 24, 158
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6.1. Experimental methods and detectors
The 0νββ decay rate is of the order of or less than 10−27 and 10−29 per year (y)
in cases of inverted (IH) and normal (NH) neutrino hierarchy spectra, respectively.
Actually the decay rate depends quadratically on the nuclear matrix element (NME)
M ′
0ν
ν . The energy of the 0νββ signal is only a few MeV. This is in the same energy
region as backgrounds (BGs). The size of DBD isotope required in the target is of
the order of multi ton (t) and multi k-ton scales for the IH and NH masses. Then
BGs rates have to be necessarily reduced to the order of a few ×10−1 and a few
×10−3 events per year per ton of the DBD isotopes (yt).
The DBD nuclei are used as femto (femto m scale) laboratories where the 0νββ
signal is enhanced and the single β BGs are suppressed. The luminosity of the ton-
scale DBD nuclear ensemble is of the order of L ≈1077sec−1 cm−2, while the 0νββ
cross section for the IH ν -mass process is of order of σ ≈10−84 cm2. Thus one may
expect the signal rate of the order of LσT ≈ 3 in a year of T=3×107 s.
DBD processes are studied by measuring the sum-energy spectrum of the two β
rays. The 0νββ process, which can occur beyond the SM, is identified by the sharp
peak of the 2 body kinematics at Qββ, and the neutrino-less process accompanied
by a Majoron boson (0νMββ) is characterized24 by the broad peak of the 3 body
kinematics.
The 0νββ process may be due to the left-handed weak current (LHC) and the
right-handed weak current (RHC). The LHC includes the light Majorana ν-mass
mode, the heavy Majorana ν mode, the SUSY modes, and others beyond SM. The
RHC by itself includes mainly heavy neutrino mass contributions. One additional
possible mechanism involves the interference of left handed and right handed lep-
tonic currents and is due to the light neutrino component (see section 5.3), but it
leads to neutrino mass independent lepton violating parameters 〈η〉 and 〈λ〉 (for
more details see section 7.3). This processes picks out the intermediate neutrino
momentum rather than the neutrino mass (see Eq. (44)), and is characterized by
different kinematics. It may thus be experimentally distinguished from the mass
terms by measuring the angular and energy correlations of the two β rays. The
modes (light ν, heavy ν, SUSY, etc) involved in the LHC are investigated by mea-
suring the 0νββ rates in various nuclei.
6.2. DBD detectors and sensitivities
We discuss the 0νββ process with the light Majorara-ν exchange. Then the transi-
tion rate T 0ν per year ton (yt) is expressed in terms of the nuclear sensitivity SN
in units of meV−2 and the Majorana neutrino mass mββ as.
17, 24
(T 0ν)−1 = m2ββSN , S
1/2
N = (78)
−1 |M ′0νν |g2A(G0ν/0.01A)1/2, (45)
where M ′
0ν
ν is the NME, G
0ν is the phase space volume in units of 10−14/y, and A
is the mass number.
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Fig. 4. Unit mass sensitivities m0 (squares) in case of M ′0νν =2 for
76Ge, 82Se, 100Mo, 116Cd,
130Te, 136Xe and 150Nd and those (triangles) for natural nTe and nNd.
The mass sensitivity mm is defined as the minimum mass required to identify
the 0νββ signal. It is expressed in terms of SN and the detector sensitivity D as
mm = S
−1/2
N D
−1/2, D = (ǫNT )(δ)−1, (46)
where ǫ is the 0νββ peak efficiency, N is the number of the DBD isotopes in units
of ton, T is the run time in unit of year and δ is the minimum number of counts for
the peak identification with 90 % CL (confidence level). Since BNT is much larger
than 1 in most DBD experiments, we use δ ≈ 1.7× (BNT )1/2. Then mm is
mm ≈ m0D−1/2, (47)
m0 = 39 G−1/2(2/M ′
0ν
ν )1/g
2
A, D
−1/2 = 1.3 ǫ−1/2[B/NT ]1/4, (48)
where G = (G0ν/0.01A), m0 is the unit mass sensitivity in units of meV, i.e. the
mass sensitivity in case of a detector with D=1 (ǫ=1, NT=3 t y and BG rate of
B=1/(t y)).
The nuclear sensitivity Sn is proportional to the phase space factor G
0ν and
|M ′0νν |2. The DBD isotopes used for realistic high-sensitivity experiments include
76Ge, 82Se, 100Mo, 116Cd, 130Te, and 136Xe. These isotopes have the large phase
space factor around G0ν ≈ 1.5 in units of 10−14 y−1 and multi-ton scale enriched
isotopes obtained by means of the centrifugal isotope separation. 76Ge detectors are
used because of the high energy-resolution although G0ν ≈ 0.25 is much smaller
than the others. The unit mass sensitivities m0 for typical DBD nuclei are plotted
in Fig.4.
Actually, the sensitivity depends on the enrichment of the isotope. If natural
isotopes with the same total mass (N ton) as the enriched one are used, the 0νββ
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efficiency ǫ is reduced effectively by the abundance ratio r, while the BG rate B
remains same. Thus the mass sensitivity gets larger by the factor r−1/2. The unit
mass sensitivities for nTe with r=0.34 and nNd with r=0.056 are as shown in Fig.4.
The detector-sensitivity factor D−1/2 is proportional to the factor [B/NT ]1/4.
Then one needs low-BG large-volume detectors. In the case of m0 ≈ 20 meV,
detectors with B ≤ 0.3/(t y), ǫ=0.5, and N ≥ 3 t may be used to access the IH ν
mass of around 15 meV for T=4 y, while those with, for instance, B ≤ 0.01/(y t)
and N ≥ 1 kt are required to explore the NH ν mass of mββ ≈ 1.5 meV for T=4 y.
The BG sources to be considered are natural RIs as 208Tl, 214Bi and other Ur-Th
chain RIs, cosmogenic RIs, as 68Ga in the case of Ge detectors, muon and neutron
interactions, solar-ν CC and NC interactions, the high-energy tail of the 2νββ
spectrum and others. Then DBD experiments are made by using high purity (RI-
free) DBD detectors with good energy resolution at a deep underground laboratory.
The energy resolution is very important to select the 0νββ signal at the ROI and
to reduce the BG contributions since the BG spectra are mostly continuum. Thus Ge
detectors and cryogenic (scintillation) bolometers are very sensitive detectors. SSSC
(single site spacial correlation) analysis is used to reduce RI BGs associated with γ
rays since γ rays deposit their energies at multi-sites through Compton scatterings.
PSD (pulse shape discrimination) is effective for single site time correlation (SSTC).
SSTC analysis is used to reduce RI BGs from 214Bi, 68Ga and others by delayed
anti-coincidence with the preceding β or X rays.17, 18, 24, 158
The solar neutrinos are omnipresent, and the solar-ν CC and NC interactions
with nuclei and atoms in DBD detectors are serious BG sources for high-sensitivity
DBD experiments. The solar-ν CC interaction with the DBD nucleus A excite
GT(1+) states in the intermediate nucleus B and the β decay from B to the final
nucleus C contributes to BGs at the ROI in the 0νββ of A→C. The contributions159
are appreciable even for IH ν-mass studies with medium energy-resolution (≈ a few
%) experiments unless they are reduced by SSSC, SSTC and others.
The 8B solar-ν CC and NC interactions with atomic electrons in DBD iso-
topes and those in liquid scintillators used for DBD experiments160–163 are also BG
sources for medium energy-resolution experiments164, 165 The BG contribution for
the liquid scintillator loaded with DBD isotopes of interest is expressed as
Be ≈ 0.15× Ef/(t y) f = w/R, (49)
where E is the Q value in units of MeV, w the energy resolution in FWHM, and R
is the concentration of the DBD isotopes in the scintillator. The BG rate is Be ≈2-
3/(t y) in a typical case of E ≈3 MeV and f ≈5, i.e. w ≈ 5 % and R ≈ 1%. Thus
the contribution from the solar ν interaction needs to be well considered.
The ν-mass sensitivities for 130Te with M ′
0ν
ν =2 and ǫ=0.5 are shown as a func-
tion of the exposureNT in cases of B=1/(t y) and B=0.01/(t y) in Fig.5. Exposures
required for studies of the IH and NH mass regions are NT=1-10 y t and NT=100-
1000 y t in cases of B=1/(t y) and B=0.01/(t y), respectively. These are similar
for 82Se, 100Mo, 116Cd, 130Te, 136Xe.
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Fig. 5. Neutrino-mass sensitivities mm for 130Te with M ′
0ν
ν =2 (i.e. mm ×M
′0ν
ν /2) and ǫ=0.5 as
a function of the exposure NT in cases of the BG rates of B=1/(t y) and 0.01/(t y), respectively.
6.3. The present status of neutrinoless double beta decay
experiments
Experimental 0νββ studies with the QD (quasi-degenerate mass hierar-
chy sub eV) mass sensitivity have been carried out extensively as given
in other reviews.17, 18, 24, 158 The 76Ge experiments with 76Ge semiconduc-
tors (HM,166IGEX167), the 130Te experiment with TeO2 cryogenic bolometers
(CUORETINO168, 169) and the large volume 136Xe experiments (EXO,170, 171
KanLAND-Zen160) have been carried out to study the ββ decays. Tracking de-
tectors (ELEGANT V172 and NEMO-3173) have been used for studying ββ decays
from 82Se, 100Mo, 116Cd and other isotopes with large Qββ values.
Recently stringent lower limits were obtained on T 0ν1/2 of
76Ge, 100Mo, 130Te and
136Xe, as given in Table 1. The upper limit on the effective ν-mass was derived from
the half-life limit by using the calculatedM ′
0ν
ν , as given in the 4th column of Table
1. The mass range reflects the range of the M ′
0ν
ν values, depending on the model
and the effective coupling constant geffA used for the calculation. Accurate theoretical
evaluations for geffA are not easy. The ν-mass limit may become approximately 50 %
larger if one uses a 30% smaller value for geffA . Recent experiments on neutrino-less
ββ decays give also lower limits on the half lives T 0νM1/2 for the Majoron emitting
process and the Majoron neutrino coupling 〈gee〉, e.g. in174 for 100Mo. Such limits
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Table 1. Limits on T 0ν
1/2
. Qββ : Q value for the 0
+ → 0+ ground state transition. G0ν : phase
volume with gA = 1.25 and R = 1.2 fm A
1/3. mββ : the range of the upper limit on the effective
Majorana νν-mass. See text.
Isotope Qββ [MeV] T
0ν
1/2 [10
24 y] mββ [meV] Experiment
76Ge 2.039 52 160-260 GERDA Ge semiconductora
100Mo 3.034 1 900 - 300 NEMO-3 Tracking chamberb
130Te 2.528 4 760 - 270 CUORE Bolometerc
136Xe 2.459 11 450 - 190 EXO ionization-scintillationd
136Xe 2.459 110 161-60 KamLAND-Zen Scintillatore
a:,175 b:,176 c:,177 d:,178 e:25
exist for a number of other targets, but we do not discuss them in this work (see
the earlier report24).
GERDA phase I aims at high energy-resolution studies of 76Ge by using 76Ge
detectors (17.7 kg +3.6 kg) immersed into liquid scintillator.179 The BG level is
0.01 /(keV kg y) at ROI. The phase I data with 21.6 kg y exposure gives a half-life
limit of 2.1× 1025 y with 90% CL. The limit obtained by combining the previous
data166 is 3×1025 y with 90 % CL. Thus the claim of the 0νββ evidence180 is
strongly disfavored with 99 % probability. The combined data set an upper limit
on the effective ν mass as 200-400 meV. Recently a new limit of 5.2 10 25 y (160-260
meV) with 90% CL was derived.175
A new value for 2νββ half life is T 2ν1/2=(1.926 ± 0.095) ×1021 y and the 0νMββ
half-life limit181 is T 0νM= 4.3 1023 y, corresponding to 〈gee〉=(3.4-8.7) 10−5
NEMO-3 with the tracking chambers and the PL scintillation detectors gives
half-life limits of 1.1 1024 y on 100Mo.176 The corresponding ν-mass limit is 300-900
meV. The half-life limits on the one Majoron emitting process are T 0νM = 2.7 1022
y for 100Mo.174 The limits on the Majoron coupling is 〈gee〉=(0.4-1.9) 10−4.
CUORE0 is one module of CUORE, which is an expansion of CUORICINO.169
It is a high energy-resolution bolometer array to study 130Te 0νββ decays at LNGS
by using 39 kg TeO2 (10.9 kg
130Te). The CUORE0 experiment reports the result
of the 9.8 kg y exposure177 with the energy resolution of 4.9 keV in FWHM and the
BG level is 0.058 / (keV kg y). The obtained half-life limit is 2.7 ×1024 y with 90%
CL, and the limit derived by combining the previous CUORITINO experiment is
4 × 1024 y. The corresponding ν-mass limit is 270-760 meV.
EXO-200 is the 80%-enriched 136Xe TPC experiment (150 kg in the detector
proper) at WIPP. The energy-resolution of around 3.5 % in FWHM is achieved
by measuring both the ionization and scintillation signals.170, 178 A lower limit on
T 0νββ1/2 was derived as 1.1 ×1025 y (ν-mass limit is 190 meV - 450 meV) with 90 %
CL.178 The BG rate at ROI is 1.7 × 10−3/(keV kg y).178 A lower limit of 1.2 ×
1024 with 90% CL was derived for T 0νM1/2 .
182 This limit corresponds to the upper
limit of 〈gee〉=(0.8-1.6 )×10−5. The precise 2νββ half life of T 2ν1/2=2.165 ×1021 y
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was obtained.183
KamLAND-Zen studies the 136Xe DBD by means of the KamLAND detector
with the 1 kt liquid scintillator at Kamioka.160 A mini balloon is set at the center
for the 136Xe-loaded liquid scintillator with 136Xe isotopes around 320-380 kg. The
energy resolution is 9.5 % in FWHM. The 2νββ half life of T 2ν1/2=2.38 ×1021 y160 is
in consistent with the value by EXO.183 A half-life limit on the 0νββ was derived
as 1.9 × 1025 y.184 The limit by combining the EXO experiment is 3.4 × 1025 y.184
The lower limit185 on the T 0νM1/2 is 2.6 10
24 y, corresponding to the upper limit
of 〈gee〉=(0.8-1.6) 10−5. Recently, a stringent limit of 1.1 ×1026 y was derived by
combining the new data with the previous ones. It corresponds to the ν mass limit
of 60-161 meV.25
It is noted that the HM claim for the 0νββ peak180, 186 is strongly disfavored
not only by the GERDA experiment,179 but also by the 136Xe experiments170, 184
if one may use relative matrix elements of 76Ge and 136Xe given by various models.
The 2νββ-decay rates have been observed in 12 nuclides (48Ca, 76Ge 82Se, 96Zr,
100Mo, 116Cd, 128Te, 130Te, 136Xe, 150Nd, 130Ba and 238U) and in two excited states.
The recommended half lives can be found in ref.187 These half lives give 2νββ NMEs
M2ν .
The recent stringent limits on T 0ν1/2 give the upper limit of mββ ≈ 60-400 meV
in the QD region. Here the ν-mass depends strongly onM ′0νν . In order to search for
the full IH-mass region of 15-45 meV, one needs to improve the mass sensitivity by
one order of magnitude, i.e. the half-life sensitivity by 2 orders of magnitude The
limits on T 0νM1/2 give the upper limit of the Majoron neutrino coupling 〈gee〉 ≈0.8-1.6,
depending on M ′0νM . It is very crucial to get right NMEs M ′0νν and M
′0νM .
6.4. Future high-sensitivity experiments
Experimental DBD groups are extensively working for future high-sensitivity ex-
periments. Some of them are listed in Table 2. We briefly describe them below.
GERDA Phase II studies the 0νββ of 76Ge by introducing additional 20 kg Ge
detectors.188 The energy resolution, the PSD and others are improved to get the
very low BG level around 1/(keV y t). The expected sensitivity is 1.4 ×1026 y after
100 kg y exposure, which corresponds to 100-200 meV.
MJD (MAJORANA DEMONSTRATOR) is the 44 kg Ge (29 kg 76Ge and 15
kg nGe) experiment to study 76Ge at SURF.189 It uses PPC (p-type point contact)
Ge detectors, and the expected BG rate at ROI is B ≤3.5 /(y t). It is envisioned
to demonstrate a path forward to achieve the BG rate 1/yt for the next generation
ton-scale experiment to study the ν-mass in the IH mass region. The module 1 (23
kg) and 2 (21 kg) are taking data. The Majorana and GERDA collaborations will
be merged for one ton-scale future experiment by selecting the best techniques.
MOON is an extension of ELEGANT V.172 It is a hybrid ββ and solar ν ex-
periment with 100Mo to study the QD/IH ν-mass sensitivity and the low energy
solar neutrinos.190–192 Super-module of PL plates and wire chambers are being
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Table 2. High-sensitivity DBD experiments in futures. A:natural abundance. Qββ : Q value for
the 0+ →0+ and low BG ground state transition. G0ν : kinematic (phase space volume) factor
(gA = 1.25 and R = 1.2 fm A
1/3).
isotope A Qββ G
0ν Future experiments
[%] [MeV] [10−15 y−1] experiments
76Ge 7.8 2.039 2.36 GERDA, Majorana Demonstrator
82Se 9.2 2.992 10.2 SuperNEMO, MOON
100Mo 9.6 3.034 15.9 AMoRE, LUMINEU, CUPID, MOON
116Cd 7.5 2.804 16.7 AURORA COBRA
130Te 34.5 2.529 14.2 CUORE
136Xe 8.9 2.467 14.6 EXO, KamLAND-Zen, NEXT, Panda X-III
150Nd 5.6 3.368 63.0 SuperNEMO, SON+, DCBA
developed.
SuperNEMO studies the IH mass region by large tracking chambers and PL
scintillation detectors with 100 kg 82Se isotopes.193–195 It uses 20 modules, each
module with 5 kg ββ isotopes. The detector is based on NEMO-3, but the energy
resolution and the BG level have been much improved. The expected sensitivity
with the BG rate 12/(t y) is T1/2 = 1 × 1026 y, corresponding to the ν mass
of 50-140 meV. SuperNEMO demonstrator with 7 kg 82Se is in preparation. The
sensitivity is T1/2=6 ×1024 y (200-500 meV). The energy resolution is around 4%
at E=3 MeV.
AMoRE aims to study 100Mo in the region of IH mass (5 ×1026 y) by using 200
kg 40Ca100MoO4 low-temperature detectors at Y2L.
196 PSD with the phonon and
photon signals is used to separate α BGs from electron signals. The pilot experiment
with a 1.5 kg 48depCa100MoO4 detector is going on at Y2L.
LUMINEU is developing cryogenic scintillation bolometers of Li2MoO4 and
ZnMoO4 to study
100Mo.197–199 High purity crystals with PSD make it possible
to get low BG level of around 0.3 /(keV t y) and good energy resolution of around
5 keV.
CUPID ( CUORE Upgrade with PI) is a proposed ton-scale bolometer exper-
iment with the ν-mass sensitivity of the order of 10 meV.200 The collaboration is
starting 40 crystals of Li2MoO4 with 6 kg
100Mo.201
COBRA and AURORA study 116Cd. COBRA uses a large amount of high
energy-resolution CZT(CdZnTe) semiconductors at room temperature.202 The CO-
BRA collaboration tests 64 CZT 1 cm3 detectors at LNGS. The energy resolution
is ∆E=1.1% at 2.6 MeV. Pixelization is a major step forward. Recent results of
the COBRA demonstrator has been reported.203 AURORA uses a 116CdWO4 and
the current half-life limit is 1.9×1023 y204
CUORE uses 988 natural TeO2 crystals with the natural Te isotopes (741 kg
TeO2, 206 kg
130Te) to study 130Te at the IH ν-mass region.177, 205 By improving
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the BG level to be 0.01/(keV kg y), the expected sensitivity is 9.5 × 1025 y. This
corresponds to the ν-mass sensitivity around 50 meV-150 meV.
nEXO is an expansion of EXO-200 by using a low BG and 2.3% energy-resolution
TPC with scintillation and ionization readouts.182, 206 The expected half-life sensi-
tivity is around 1028 (6-15 meV) by using 5 ton 136Xe isotopes for 5 y run..
KamLAND-Zen aims at the higher-sensitivity 136Xe experiment by using 0.75
ton enriched 136Xe isotopes.207, 208 The energy resolution and the BG rate will be
same as those of the previous phases. The expected half-life sensitivity is around
5 ×1026, which corresponds to the IH ν-mass region. NEXT-100 uses a high pres-
sure TPC with 100 kg enriched 136Xe to study the QD ν mass (≤ 100 meV) at
LSC.209, 210 It is a low BG and good energy resolution TPC with separate readout
planes for tracking and energy. NEXT-DEM is a demonstrator.
SNO+ uses the 1 kt scintillation detector with 0.3 % loading of natural Te
isotopes (800 kg 130Te) to study the 130Te decays and plan 0.5 % loading.211, 212
Current DBD experiments are mostly on high Qββ β
−β− decays because of the
large phase volume. CANDELS 48Ca, DCBA-MTD 150Nd, Panda X-III and others
are under development as discussed in the reviews17, 18, 24 and NEUTRINO 2016.
CANDLES III with 300 kg natural Ca will be enlarged to IV and V with enriched
isotopes in future.213 Panda X-III is a high presure Xe TPC with 200 kg 136Xe
source at CJPL.214 The 0νβ+β+, 0νβ+EC and 0νEC EC decays are studied by
measuring the β+ annihilation γ rays and K X-rays.
6.5. Experimental studies of DBD matrix elements
At this point we should mention the progress towards using other experi-
ments,17, 158, 215 mainly charge exchange reactions (CERs) and single β decays216, 217
to help evaluate DBD NMEs needed in extracting the neutrino mass from 0ν ββ
experiments.
One direct way to get the weak response is to use the ν CER of (νe,e). Since the
ν nuclear cross section is as small as σ ≈ 10−42 cm2, one needs high-flux ν beams
and large-volume detectors.17, 158 The ν beams may be obtained from pion decays
and the pions are obtained from GeV proton beams from SNS at ORNL218 and
J-PARC.219
Muon (µ−) CERs of (µ, νµ)
220, 221 give β+ strengths for J = 0.1.2 states in
the wide excitation region of E= 0-70 MeV. Recently (µ−,xnγ) reactions on Mo
isotopes were studied by using DC and pulsed µ beams at RCNP and MLF J-
PARC.222 The µ CER of 100Mo (µ, xn) 100−xNb was studied by measuring delayed
β − γ rays from 100−xNb isotopes. The weak strength distribution for the µ CER
was deduced from the observed Nb RI distribution by using the statistical model
for the neutron emission. The µ capture shows a giant resonance around E=10-15
MeV. The µ capture life time gives the absolute weak strength and the NMEs with
effective gA.
Weak responses for β+ decays are studied by using photo-nuclear (γ,x) reactions
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through isobaric analogue states (IAS).223 The polarization of the photon can be
used to study E1 and M1 matrix elements separately.224
Nuclear CERs with medium energy nuclear beams were used to study single
β± NMEs at IUCF, KVI, MSU, RCNP, Triumf and others.17, 24, 215 The (3He,t)
reactions with the high energy-resolution of ∆E ≈ 25 keV were studied extensively
on DBD nuclei by using the 420 MeV 3He beam at RCNP.225–231 Recently spin
dipole (2−) NMEs, which may be relevant to 0νββ NMEs, have been studied by
using (3He,t) reactions at RCNP.232 Double charge exchange reactions DCER pro-
vide useful information on DBD NMEs. The RCNP DCER (11B,11Li) at E/A=80
MeV shows that the DCE strengths are not located at the low lying states, but
mostly concentrated at the high excitation region.233 Furthermore the DCER of
(18O,18Ne) on 40Ca was measured to get the DCER strength for the ground state
0+ → 0+ transitions.234 Nucleon transfer reactions have been used to get nucleon
vacancy and occupation probabilities of DBD initial and final nuclei.235
The Fermi Surface Quasi Particle model (FSQP) based on experimental single-
β± NMEs reproduces well the 2νββ NMEs M2ν for the A(Z,N) ↔ C(Z+2,N-2)
ground-state to ground state 0+ ↔ 0+ transition.236–238 The initial, intermediate
and final state nucleons involved in the ground state transition must necessarily
be on the diffused Fermi surface. Thus M2ν is given by the sum of the products
of the single β± matrix elements via the FSQP intermediate states.17, 24, 237 The
agreement ofM2ν(EXP ) andM2ν(FSQP ) shows thatM2ν is very small due to the
nuclear medium and correlation effects given by k−k+ ≈0.06 with k− ≈ k+ ≈0.25
for the single β± decay NMEs. FSQP may be used also for evaluating M ′
0ν
ν by
using CERs and single β/EC rates to intermediate 1±, 2±, and other states.
A recent analysis of β±-EC NMEs in medium heavy nuclei shows that the axial
vector GT(Gamow-Teller 1+) and SD (spin dipole 2−) NMEs are reduced with re-
spect to the single quasi-particle NMEs by the coefficient k± ≈0.20-0.25.216, 217 The
reduction may be inferred to be partly due to the nucleon spin isospin correlation of
kστ ≈0.4-0.5 and partly due to the non-nucleon (isobar) and nuclear medium effect
of kNM ≈0.5-0.6.216, 217 Here the effect of kστ ≈0.4-0.5 is included in QRPA with
στ correlation, while the isobar and nuclear medium effect is a sort of the renormal-
ization (quenching) of the axial-vector weak coupling. The renormalization effect
may be incorporated by the effective coupling of (geffA /gA) ≈ 0.5-0.6. Accordingly
the axial vector components of the DBD NME is reduced with respect to the QRPA
model calculations by the coefficient (geffA /gA)
2 ≈0.3.
So far no experimental data on 2νβ+/EC NMEs are available mainly due to the
small phase space. One possible candidate is 106Cd. FSQP predicts a large NME
of M2ν(FSQP ) =0.10 in unit of m−1e . The FSQP half lives for ECEC, ECβ
+ and
β+β+ are 5.2×1021 y, 4.4 ×1022 y and 1.7×1027 y, respectively, They are longer
than experimental limits of 4.2 ×1020 y, 1.1 ×1021 y and 2.3 ×1021 y, respecively.239
The decays are also being studied by Ge detectors.240
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7. Expression for the lifetime of neutrinoless double beta decay
We briefly review half-lives associated with 0νββ-decay mechanisms including ex-
change of light and heavy Majorana neutrinos. We shall pay attention only to the
0+ → 0+ ground state to ground state 0νββ-decays transitions.
7.1. The light Majorana neutrino mass mechanism
The expression for the lifetime of 0νββ decay is simplified by the fact that it is
factorized into three factors: The phase-space factor, the nuclear matrix elements
and the lepton violating neutrino parameters.
Indeed the inverse value of the 0νββ-decay half-life can be written as24
(
T 0ν1/2
)−1
=
m2ββ
m2e
g4A
∣∣∣M ′0νν (geffA )∣∣∣2 G0ν(E0, Z), (50)
where the first term m2ββ is the lepton violating parameter and G
0ν(E0, Z), with
E0 = Ei − Ef being the energy release, is the phase-space integral given by:
G0ν(E0, Z) =
G4βm
9
e
32π5R2 ln (2)
× 1
m5e
∫ Ei−Ef−me
me
(
g2−1(ε1) + f
2
+1(ε1)
) (
g2−1(ε2) + f
2
+1(ε2)
)
ε1p1 ε1p1 dε1
with ε2 = Ei − Ef − ε1, pi =
√
ε2i −m2e (i=1,2).
Unlike in previous derivation60 the exact Dirac wave functions with finite nuclear
size and electron screening of the emitted electrons in the s1/2 and p1/2 wave states,
ψ(r, p, s) ≃ ψs1/2(r, p, s) + ψp1/2(r, p, s) (51)
=
(
g−1(ε, r)χs
f+1(ε, r) (~σ · pˆ)χs
)
+
(
ig+1(ε, r) (~σ · rˆ) (~σ · pˆ)χs
−if−1(ε, r) (~σ · rˆ)χs
)
.
were taken into account. The relativistic electron wave function ψ(r, p, s) in the
central symmetric Coulomb field of a uniform charge distribution of a nucleus can
be decomposed in partial waves. In the case of the light neutrino mass mechanism
of the 0νββ-decay only the dominant s1/2-waves of emitted electrons were taken
into account:
ψ(r, p, s) ≃ ψs1/2(r, p, s). (52)
Given the Coulomb potential of the daughter nucleus and the screening potential
of bound electrons in atom g±1(ε, r) and f±1(ε, r) are solutions of the radial Dirac
equations.
Furthermore the electron wave functions including relativistic effect, g±1(ε, r),
and f±1(ε, r) are replaced by their values at the nuclear radius R. We have
g±1(ε, r) = g±1(ε,R), f±1(ε, r) = f±1(ε,R). (53)
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Table 3. The current experimental lower limit on the 0νββ-decay half-life for 10 isotopes with
largest Qββ-value and theoretical predictions for the hallf-life by assuming the cases of nor-
mal (NH) and inverted (IH) hierarchies in evaluation of effective Majorana neutrino mass mββ .
The averaged values of nuclear matrix elements with variances from Table 6 are taken into ac-
count. The non-quenched value of the weak-axial coupling constant is assumed. The constraints on
T 0ν−exp
1/2
are from NEMO3 (48Ca,243 82Se,173 100Mo,244 150Nd245), GERDA (76Ge175), CAMEO
(116Cd,246 CUORE (130Te247) and Kamlandzen (136Xe25) experiments.
Nucl. G0ν [10−15yr−1] T 0ν−exp1/2 [yr] T
0ν−theor
1/2 [yr]
IH NH
48Ca 24.81 > 2.0× 1022 (0.37, 36.)×1027 (0.68, 74.)×1029
76Ge 2.363 > 5.2× 1025 (0.54, 9.5)×1027 (0.99, 19.)×1029
82Se 10.16 > 2.5× 1023 (0.17, 2.6)×1027 (0.31, 5.2)×1029
96Zr 20.58 - (0.52, 74.)×1026 (0.96, 150)×1028
100Mo 15.92 > 1.1× 1024 (0.70, 6.4)×1026 (0.13, 1.3)×1029
110Pd 4.815 - (0.14, 2.8)×1027 (0.26, 5.7)×1029
116Cd 16.70 > 1.7× 1023 (0.95, 12.)×1026 (0.18, 2.4)×1029
124Sn 9.040 - (0.28, 6.6)×1027 (0.52, 13.)×1029
130Te 14.22 > 4.0× 1024 (0.11, 5.8)×1027 (0.21, 12.)×1029
136Xe 14.58 > 1.1× 1026 (0.21, 7.8)×1027 (0.39, 16.)×1029
150Nd 63.03 > 2.0× 1022 (0.35, 14.)×1026 (0.65, 29.)×1028
The improved values of G0ν calculated by taking into account the Dirac elec-
tron wave functions with finite nuclear size and electron screening are tabulated
in Ref.241
The nuclear matrix element M ′0νν takes the form
M ′
0ν
ν (g
eff
A ) =
R
2π2g2A
∑
n
∫
eip·(x−y)
〈0+f |Jµ†L (x)|n〉〈n|J†Lµ(y)|0+i 〉
p(p+ En − Ei−Ef2 )
d3p d3x d3y,
(54)
where rij ≡ ri − rj . Initial and final nuclear ground states with energies Ei and
Ef are denoted by
∣∣0+i 〉 and ∣∣∣0+f 〉, respectively. The summation index runs over
intermediate nuclear states |n〉 with energies En. Details on the evaluation of the
NME in Eq. (54) appear, e.g., in Ref.242 and will be discussed in Sec. 8. We note that
the axial-vector geffA (p
2) and induced pseudoscalar geffP (p
2) form factors of nuclear
hadron currents Jµ† are “renormalized in nuclear medium”. The magnitude and
origin of this renormalization is the subject of the analysis of many works, since it
tends to increase the 0νββ-decay half-life in comparison with the case in which this
effect is absent. This issue will be addressed in Sec. 8.
In Table 3 we show predicted lifetimes of the 0νββ-decay, obtained with a
Majorana neutrino mass corresponding to the NH and IH (see Eqs. (25) and (27))
and by asssuming averaged values and variances of M ′
0ν
ν given in Table 6. They
are compared with the best experimental limits on the 0νββ-decay half-life. We see
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Fig. 6. (Color online.) The 0νββ-decay half-lives of nuclei of experimental interest calculated for
the case of the NH (blue region) and IH (red region) (see Eqs. (25) and (27). The averaged values
with their variances for a given isotope from Table 6 are considered. The non-quenched value of
weak-axial coupling constant is assumed. The current experimental constraints on the 0νββ-decay
half-life are shown with filled green triangles.
that in the case of 136Xe the current constraint is close to the range corresponding
to the IH. This situation is displayed also in Fig. 6.
7.2. The neutrinoless double beta decay with sterile neutrinos
In our treatment sterile means a neutrino species, which does not participate in
weak interactions. The mass of the sterile neutrinos is not known, so the could be
light, but much heavier than the standard neutrinos or very heavy.
The contribution of such a neutrino to the 0νββ-decay amplitude is due to its
nonzero admixture to νe weak eigenstate and as a result is described by the standard
neutrino exchange diagram between the two β-decaying neutrons. Assuming LNV
dominance the 0νββ decay half-life for a transition to the ground state of final
nucleus takes the form248
[T 0ν1/2]
−1 = G0ν(E0, Z)g
4
A
∣∣∣∣∣
∑
N
(
U2eNmN
)
mpM
′ 0ν(mN, g
eff
A )
∣∣∣∣∣
2
, (55)
with mp the proton mass. In the above formula gA and g
eff
A stand respectively for
the standard and ”quenched” values of the nucleon axial-vector coupling constants.
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The relevant nuclear matrix element M ′0ν is given by
M ′ 0ν(mN, g
eff
A ) =
1
mpme
R
2π2g2A
∑
n
∫
d3x d3y d3p
×eip·(x−y)
〈
0+F
∣∣Jµ†L (x) |n〉 〈n|J†Lµ(y) ∣∣0+I 〉√
p2 +m2N (
√
p2 +m2N + En − EI−EF2 )
.
(56)
The dependence on geffA has been incorporated into the weak one-body charged
current J†µ.
Two conventional limiting cases are of interest, namely light, mN ≪ pF, and the
heavy, mN ≫ pF, Majorana neutrino exchange mechanisms, where pF ∼ 200 MeV
is the characteristic momentum carried via the virtual neutrino. In such cases the
half-life in Eq. (55) can be written as
[T 0ν1/2]
−1 = G0ν(E0, Z)g
4
A


∣∣∣ 〈mν〉me
∣∣∣2 ∣∣M ′0νν (geffA )∣∣2 , for mN ≪ pF,∣∣∣〈 1mN 〉mp
∣∣∣2 ∣∣M ′0νN (geffA )∣∣2 , for mN ≫ pF,
(57)
with
〈mν〉 =
∑
N
U2eNmN,
〈
1
mN
〉
=
∑
N
U2eN
mN
. (58)
Here, pF is identified with the Fermi momentum. The NMEs M
′0ν
ν ,M
′0ν
N are ob-
tained from M ′0ν appearing in Eq. (56) as follows
M ′0ν(mN → 0, geffA ) =
1
mpme
M ′0νν (g
eff
A ), (59)
M ′0ν(mN →∞, geffA ) =
1
m2N
M ′0νN (g
eff
A ). (60)
The NMEs of M ′0νν (g
eff
A ) and M
′0ν
N (g
eff
A ) associated with exchange of light and very
heavy neutrinos can be found in Tables 6 and 7.
It has been shown in Ref.249 that, with the use of the above NMEs corresponding
to the two limiting-cases, the half-life given by Eq. (56) can be obtained with a
reasonably good accuracy using an ”interpolating formula” given by
[T 0ν1/2]
−1 = A
∣∣∣∣∣mp
∑
N
U2eN
mN
〈p2〉+m2N
∣∣∣∣∣
2
, (61)
where
A = G0ν(E0, Z)g4A
∣∣M ′0νN (geffA )∣∣2 , (62)
〈p2〉 = mpme
∣∣∣∣M ′0νN (geffA )M ′0νν (geffA )
∣∣∣∣ (63)
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Table 4. The values of the parameter 〈p2〉 of the interpolating formula specified in Eq. (63) cal-
culated within different nuclear structure approaches: interacting shell model (ISM) (Strasbourg-
Madrid (StMa)250 and Central Michigan University (CMU)251 groups), interacting boson model
(IBM),252 quasiparticle random phase approximation (QRPA) (Tuebingen-Bratislava-Caltech
(TBC)107, 253 and Jyva¨skyla (Jy)254 groups), projected Hartree-Fock Bogoliubov approach
(PHFB).255 The Argonne, CD-Bonn and UCOM two-nucleon short-range correlations are taken
into account. The non-quenched value of weak axial-vector coupling gA is assumed.√
〈p2〉 [MeV]
Method gA src
48Ca 76Ge 82Se 96Zr 100Mo 110Pd
ISM-StMa 1.25 UCOM 178 150 149
ISM-CMU 1.27 Argonne 178 134 138
CD-Bonn 203 165 162
IBM 1.27 Argonne 113 103 103 129 136 135
QRPA-TBC 1.27 Argonne 189 163 164 180 174 166
CD-Bonn 231 193 194 211 204 194
QRPA-Jy 1.26 CD-Bonn 191 192 217 207 187
PHFB 1.25 Argonne 130 127 124
CD-Bonn 150 145 143√
〈p2〉 [MeV]
Method gA src
116Cd 124Sn 128Te 130Te 136Xe 150Nd
ISM-StMa 1.25 UCOM 160 161 159
ISM-CMU 1.27 Argonne 153 159 170
CD-Bonn 177 184 197
IBM 1.27 Argonne 130 109 109 109 107 155
QRPA-TBC 1.27 Argonne 157 186 178 180 183
CD-Bonn 182 214 207 209 211
QRPA-Jy 1.26 CD-Bonn 177 202 196 201 175
PHFB 1.27 Argonne 131 132 121
CD-Bonn 150 150 139
The values parameters 〈p2〉 obtained fromM ′0νν (geffA ) andM ′0νN (geffA ), in the con-
text of various nuclear structure methods, are given Table 4. A numerical compar-
ison of the ”exact” results, obtained within the QRPA with isospin restoration,104
with those calculated with the interpolating formula (61) showed a rather good
agreement, with the possible exception of the transition region where the accuracy
is about 20% - 25%.248 By glancing the Table 4 one can see that there is a significant
difference in the values of
√
〈p2〉 calculated by different methods, using different
short range two nucleon correlations. We note that the parameter
√
〈p2〉with typi-
cal values ∼ 150-200 MeV can be interpreted as the mean Fermi momentum pF of
the nucleons in the nucleus, as suggested by the structure of the NME in Eq. (56).
The apparent advantage of the formula (61) is the fact that it exhibits explicitly
the mN dependence of the 0νββ amplitude or the half-life. It can be conveniently
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Fig. 7. The exclusion plot in the |UeN|
2 − mN plane (yellow region) derived from the
lower limit on the 0νββ-decay half-life of 136Xe (T 0ν−exp
1/2
(136Xe) > 3.4 1025 yr, combined
EXO+KamlandZEN).184 The weakest (strongest) limit is obtained for M0ν(mN) calculated with
Argonne potential (CD-Bonn potential) within the QRPA with isospin restoration104 and assum-
ing geffA = 1.00 (g
eff
A = 1.269).
used for an analysis of the neutrino sector without relying on the sophisticated ma-
chinery of the nuclear structure calculations. Also any upgrade in the nuclear struc-
ture approach typically brings out asymptotic NMEs for mN ≪ pF and mN ≫ pF.
This method allows one to immediately reconstruct with a good accuracy upgraded
NMEs for any value of mN.
The role of the intermediate mass sterile neutrinos N in various LNV processes
has been extensively studied in the literature (for a recent review, c.f.150, 151) and
suitable limits in the |UαN |2 − mN-plane have been derived. In fact it has been
shown that 0νββ-decay limits for |UeN|2 −mN are the most stringent compared to
those derived from other LNV processes, with the possible exception of a narrow
region of the parametric plane.150, 256, 257 In Fig. 7 we present the exclusion plot
|UeN |2 vs mN. The most stringent half-life limit T 0ν−exp1/2 > 1.07 × 1026 yr25 has
been used in the analysis.
In Ref.248 the 0νββ-decay half-life formula for a generic neutrino spectrum has
been presented. It incorporates a popular scenario νMSM258, 259 and offers a solution
of the DM and baryon asymmetry problems utilizing massive Majorana neutrinos.
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It contains the following ingredients:
i) three light neutrinos νk=1,2,3 with the masses mν(k) ≪ pF ∼200 MeV dominated
by νe,µ,τ ;
ii) a number of neutrinos νDMi as dark matter (DM) candidates with the masses
mDMi at the keV scale;
iii) a number of heavy neutrinos N with the masses mN ≫ pF,
(iv) several intermediate mass mh neutrinos h including a pair highly degenerate
in mass, which is needed for the generation of the baryon asymmetry via leptoge-
nesis.259
Taking the advantage of the ”interpolating” formula (61) the 0νββ-decay half-life
is given by248
[T 0ν1/2]
−1 = A
∣∣∣∣∣ mp〈p2〉
3∑
k=1
U2ekmk +
mp
〈p2〉
∑
i
(
UDMei
)2
mDMi
+mp
∑
N
U2eN
mN
+mp
∑
h
U2ehmh
〈p2〉+m2h
∣∣∣∣∣
2
. (64)
Here, since the expected mixing |UDMei |, |UeN|, |Ueh| ≪ |Uek| between the sterile and
the standard neutrinos is very small, the mixing between the light neutrinos νk to
a good accuracy can be identified with the PMNS mixing matrix Uek ≈ UPMNS .
7.3. The right-handed current mechanisms of light neutrinos
Recently, the description of 0νββ-decay mechanisms due to the interference of the
the left handed and right handed leptonic currents (see section 5.3), restricted to
light neutrino exchange, has been revived and improved.260 Furthermore the effect
of the induced pseudoscalar term of nucleon current was considered. Then, within
the standard approximations the 0νββ-decay half-life takes the form
[
T 0ν1/2
]−1
= g4A |MGT |2
{
Cmm
( |mββ|
me
)2
+Cmλ
|mββ|
me
〈λ〉 cosψ1 + Cmη |mββ |
me
〈η〉 cosψ2
+ Cλλ 〈λ〉2 + Cηη 〈η〉2 + Cλη 〈λ〉 〈η〉 cos (ψ1 − ψ2)
}
.
(65)
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The effective lepton number violating parameters and the relative phases appearing
in the previous equation are given by
〈λ〉 = κ|
3∑
j=1
UejT
∗
ej(g
′
V /gV )|, 〈η〉 = ǫ|
3∑
j=1
UejT
∗
ej |,
ψ1 = arg[(
3∑
j=1
mjU
2
ej)(
3∑
j=1
UejT
∗
ej(g
′
V /gV ))
∗],
ψ2 = arg[(
3∑
j=1
mjU
2
ej)(
3∑
j=1
UejT
∗
ej)
∗].
(66)
With help of (66) and by assuming (16), U0 ≃ V0 and (g′V /gV ) ≃ 1 we get
〈λ〉 ≈ (MW1/MW2)2
mD
mLNV
|ξ| , 〈η〉 ≈ ǫ mD
mLNV
|ξ| , (67)
with
|ξ| = |c23c212c13s213 − c312c313 − c13c23c212s213 − c12c13
(
c213s
2
12 + s
2
13
) |
≃ 0.82 (68)
The experimental upper bound on the mixing angle of left and right vector bosons is
ǫ < 0.013 and, provided that the CP-violating phases in the mixing matrix for right-
handed quarks are small, one gets ǫ < 0.0025. Flavor and CP-violating processes
of kaons and B-mesons allow one to to deduce lower bound on the mass of the
heavy vector boson MW2 > 2.9 TeV.
261 In left right symmetric models (LRSM)
there could be additional contributions to 0νββ-decay due to the doubly charged
Higgs triplet. This triplet, also considered in the case of type-I seesaw mechanism,
as pointed in Ref.,261 was found to make a negligible contribution in this case.
The coefficients CI (I=mm, mλ, mη, λλ, ηη and λη) can be expressed as appro-
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priate combinations of nuclear matrix elements and phase-space factors as follows:
Cmm = (1 − χF + χT )2G0ν01 ,
Cmλ = −(1− χF + χT )
[
χ2−G
0ν
03 − χ1+G0ν04
]
,
Cmη = (1 − χF + χT )
× [χ2+G0ν03 − χ1−G0ν04 − χPG0ν05 + χRG0ν06] ,
Cλλ = χ
2
2−G
0ν
02 +
1
9
χ21+G
0ν
011 −
2
9
χ1+χ2−G
0ν
010,
Cηη = χ
2
2+G
0ν
02 +
1
9
χ21−G
0ν
011 −
2
9
χ1−χ2+G
0ν
010 + χ
2
PG
0ν
08
− χPχRG0ν07 + χ2RG0ν09 ,
Cλη = −2[χ2−χ2+G0ν02 −
1
9
(χ1+χ2+ + χ2−χ1−)G
0ν
010
+
1
9
χ1+χ1−G
0ν
011]. (69)
The explicit form of nuclear matrix elements MGT and the ratios χI of the other
matrix elements over this one is given in.260 The integrated kinematical factors as
recently improved are given in Table 5.
In this case the 0νββ-decay rate (65) depends a a number of parameters, 〈λ〉,
〈η〉 ψ1 and ψ2, whose values are unknown. Their importance also depends on the
value of the coefficients CI (I=mm, mλ, mη, λλ, ηη and λη, which can be calcu-
lated. The corresponding quantity is a superposition of contributions C0kI associ-
ated with phase space factors G0ν0k (k=1, · · · ,11). In Fig. 8 ratios C0kI /CI for the
0νββ-decay 76Ge and 136Xe are displayed. They were obtained by using the quasi-
particle random phase approximation (QRPA)262 and the interacting shell-model
(ISM)68nuclear matrix elements. We should mention that the coefficients Cmm,
Cλλ, Cηη, and Cmη are dominated by a single contribution. In the case of Cmλ and
Cλη, however, there may exist a competition between two contributions.
Using these nuclear matrix elements68, 262 and the phase-space factors from Ta-
ble 5 one can deduce from the experimental data T 0ν−exp1/2 > 1.07 × 1026 yr25 for
136Xe decay25 in the case of left-right symmetric theories constraints on the param-
eters as follows:260
〈η〉 ≤ 1.2× 10−9 (QRPA), 1.7× 10−9 (ISM),
〈λ〉 ≤ 2.4× 10−7 (QRPA), 1.9× 10−7 (ISM). (70)
Furthermore by assuming the values ǫ = 0.013 and 0.0025 mentioned earlier
as well as the current limit - 〈η〉 ≤ 1.7 10−9 (136Xe, ISM) we end up with
mD/mLNV < 1.6 10
−7 and < 8.3 10−7, respectively. For MW2 = 2.9 TeV and
〈λ〉 ≤ 1.9 10−7 (136Xe, ISM) we get mD/mLNV = 3.0 10−4. Thus, from the more
stringent limits on 〈η〉 we obtain mLNV /TeV > (1.2 - 6.3) mD/MeV, in agreement
with the assumption that the basic scale of LRSM is O(TeV). It is therefore obvious
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Table 5. Phase-space factors G0ν0j (j=1, · · · , 11) in units yr
−1 obtained using screened exact
finite-size Coulomb wave functions for s1/2 and p1/2 states of electron.
48Ca 76Ge 82Se 96Zr 100Mo 110Pd
1014G0ν01 2.483 0.237 1.018 2.062 1.595 0.483
1014G0ν02 16.229 0.391 3.529 8.959 5.787 0.814
1015G0ν03 18.907 1.305 6.913 14.777 10.974 2.672
1015G0ν04 5.327 0.470 2.141 4.429 3.400 0.978
1013G0ν05 3.007 0.566 2.004 4.120 3.484 1.400
1012G0ν06 3.984 0.531 1.733 3.043 2.478 0.934
1010G0ν07 2.682 0.270 1.163 2.459 1.927 0.599
1011G0ν08 1.109 0.149 0.708 1.755 1.420 0.462
1010G0ν09 16.246 1.223 4.779 8.619 6.540 1.939
1014G0ν010 2.116 0.141 0.801 1.855 1.359 0.309
1015G0ν011 5.376 0.476 2.183 4.557 3.502 1.010
116Cd 124Sn 130Te 136Xe 150Nd
1014G0ν01 1.673 0.906 1.425 1.462 6.316
1014G0ν02 5.349 1.967 3.761 3.679 29.187
1015G0ν03 11.128 5.403 8.967 9.047 45.130
1015G0ν04 3.569 1.886 3.021 3.099 14.066
1013G0ν05 4.060 2.517 3.790 4.015 14.873
1012G0ν06 2.563 1.543 2.227 2.275 7.497
1010G0ν07 2.062 1.113 1.755 1.812 8.085
1011G0ν08 1.703 0.939 1.549 1.657 8.405
1010G0ν09 6.243 3.301 4.972 4.956 19.454
1014G0ν010 1.418 0.660 1.146 1.165 7.115
1015G0ν011 3.704 1.955 3.148 3.238 15.055
that already the present limits of 0νββ-decay half-lives can be used to constrain the
allowed parameter space of LRSM. Furthermore the present mechanism associated
with right-handed currents, somewhat forgotten in recent years, can, in principle,
compete with the one based on mββ that is commonly used.
Before concluding this section we should mention again that the contributions
discussed in this section can involves different kinematics, since due o the chiralities
involved the neutrino momentum is picked in the propagator (see Eq. (44)) rather
than the neutrino mass. It can thus, in principle, be distinguished from the left
handed ν - mass contribution by measuring energy and angular correlations of the
two β rays as discussed in more detail in earlier reviews.17, 24 To this end dedicated
tracking detectors such as ELEGANT/MOON and NEMO-3/SuperNEMO can be
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Fig. 8. (Color online) The decomposition of coefficients CI (I=mm, mλ, mη, λλ, ηη and λη, see
Eqs. (65) and (69) ) on partial contributions C0kI associated with phase space factors G
0ν
0k (k=1,
· · · ,11). The symbols standing for index I are shown on the x-axis. The partial contributions
are identified by index k, whose value is shown by the corresponding bar. The contributions from
largest to the third largest are displayed in red, blue and orange colors, respectively. Ratios C0kI /CI
calculated with the ISM and QRPA matrix elements are presented with left and right bars for
each value of index I, respectively. Results for 76Ge and 136Xe are presented in the lower b) and
upper a) panels, respectively.
used for the correlation studies (see section 6).
7.4. Mechanism with heavy neutrinos within LR symmetric models
In connection with LHC facility at CERN there is a frequently addressed question
whether the origin of neutrino masses is due to physics at the TeV scale. A brief
overview of a class of TeV scale theories for neutrino masses based on the LR
extension of the standard model can be find e.g. in Ref.263
By considering only those 0νββ-decay mechanisms within the LR theories,
which amplitudes are proportional to light light neutrino masses mi or inverse
proportional to heavy neutrino masses Mi, for the half-life we get
(
T 0ν1/2G
0νg4A
)−1
=
∣∣∣ηνM ′0νν (geffA ) + ηLNM ′0νN (geffA )∣∣∣2 + ∣∣∣ηRNM ′0νN (geffA )∣∣∣2 (71)
December 12, 2016 1:25 WSPC/INSTRUCTION FILE DBDR9
40
with
ην =
m2ββ
m2e
=
∑
i
(U
(11)
ei )
2mi
me
≈ mp
mLNV
m2D
memp
∑
i
(U0)
2
ei
mi mLNV
m2D
, (72)
ηLN =
mp
mLNV
∑
i
(U
(12)
ei )
2mLNV
Mi
≈ mp
mLNV
(
mD
mLNV
)2∑
i
mLNV
Mi
,
ηRN =
mp
mLNV
(
MW1
MW2
)2∑
i
(U22ei )
2mLNV
Mi
≈ mp
mLNV
(
MW1
MW2
)2∑
i
(V0)
2
ei
mLNV
Mi
.
We note that the negligible interference term between left and right handed
contributions is not taken into account. From the qualitative analysis in Eq. (72
it follows that if MW1/MW2 ≫ mD/mLNV the heavy neutrino mass contribution
due to right-handed currents to the 0νββ-decay (ηRN mechanism) dominates over
the heavy neutrino mass contribution determined by only left handed currents (ηLN
mechanism) unless there is some strong suppression due to mixing among heavy
neutrinos. Further, the ην and η
R
N mechanisms could be of a comparable importance,
if we could write ∑
i
(U0)
2
ei
mi mLNV
m2D
≃
∑
i
(V0)
2
ei
mLNV
Mi
m2D
memp
M ′
0ν
ν ≃
(
MW1
MW2
)2
M ′
0ν
N . (73)
In such a case a competion between these two mechanism can play an important
role.
There is a general consensus that a measurement of the 0νββ-decay in one
isotope does not allow us to determine the underlying physics mechanism. Comple-
mentary measurements in different isotopes is very important especially for the case
there are competing mechanisms of the 0νββ-decay. Different cases of competing
0νββ-decay mechanisms were discussed in Ref.24 and more recently in Refs.264–266
If the 0νββ-decay is induced by two “non-interfering” mechanisms ην and η
R
N
one can determine the absolute values of these two fundamental parameters from
data on the half-lives of two nuclear isotopes.265, 266 Given a pair of nuclei, |ην |2
and |ηRN |2 are solutions of a system of two linear equations(
T 0ν1/2(i)G
0ν(i)g4A
)−1
= |ην M ′0νν (i)|2 + |ηRN M ′0νN (i)|2, (74)
where the index i denotes the isotope. From the “positivity” conditions (|ην |2 > 0
and |ηRN |2 > 0) it follows that the ratio of half-lives is within the range265, 266
G0ν(i)|M0νN (i)|2
G0ν(j)|M0νN (j)|2
≤
T 0ν1/2(j)
T 0ν1/2(i)
≤ G
0ν(i)|M0νν (i)|2
G0ν(j)|M0νν (j)|2
. (75)
Surprisingly, the physical solutions are possible only if the ratio of the half-
lives takes values in narrow intervals.265 This also is true in the case of other
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competing mechanisms.24 Often the non physical solutions can be eliminated by
already existing data.24
In Fig. 9 the allowed ranges of mββ and η
R
N parameters obtained as solution of
Eq. (75) are presented as function of half-life of 76Ge, 76Se and 76Te by assuming
T 0ν−exp1/2 (
136Xe) = 1.0 1027 y, what is compatible with inverted hierarchy of neutrino
masses. In the case of a dominance of a single mechanism we have mββ = 38 meV
and ηRN = 1.1 10
−9. We notice that linear set of equations in Eq. (75) has solution
for a very narrow interval for T 0ν−exp1/2 (
130Te) and that by assuming co-existance of
both mechanisms the values of parameters mββ and η
R
N are smaller.
8. The neutrinoless double-beta decay nuclear matrix elements
The nuclear matrix elements for the 0νββ decay must be evaluated using nuclear
structure methods. There are no observables that could be directly related to the
magnitude of 0νββ nuclear matrix elements and that could be used to determine
them in a model independent way.
The nuclear matrix elements M ′
0ν
ν and M
′0ν
N associated with exchange of light
(sub eV scale) and heavy (TeV scale) neutrinos, respectively, can be written as
M ′
0ν
ν,N =
(
geffA
gA
)2
M0νν,N (g
eff
A ), (76)
where M0νν,N consists of Fermi, Gamow-Teller and tensor parts as
M0νν,N (g
eff
A ) = −
M
(ν,N)
F
(geffA )
2
+M
(ν,N)
GT (g
eff
A ) +M
(ν,N)
T (g
eff
A ). (77)
This definition of M ′
0ν
ν,N allows to display the effects of uncertainties in g
eff
A .
There is a common practice to calculate 0νββ-decay NMEs by taking advantage
of relative coordinates of two decaying nucleons. For 0+ → 0+ transition we have
M
(ν,N)
K =
∑
Jpim,J
∑
pnp′n′
(−1)jn+jp′+J+J√2J + 1
{
jp jn J
jn′ jp′ J
}
× (78)
〈p(1), p′(2);J ‖ O(ν,N)K ‖ n(1), n′(2);J 〉 〈0+f ‖ [c˜+p′ c˜n′ ]J ‖ Jpim〉〈Jpim ‖ [c+p c˜n]J ‖ 0+i 〉 .
The reduced matrix elements of the one-body proton-neutron operators c+p c˜n (c˜n
denotes the time-reversed state) in the Eq. (79)
The two-body operators O
(ν,N)
K , K = Fermi (F), Gamow-Teller (GT), and Ten-
sor (T) in (79) contain neutrino potentials and spin and isospin operators, and
energies of excited states EmJpi :
O
(ν,N)
F (r12, E
k
Jpi ) = τ
+(1)τ+(2) H
(ν,N)
F (r12, E
m
Jpi ) ,
O
(ν,N)
GT (r12, E
k
Jpi ) = τ
+(1)τ+(2) H
(ν,N)
GT (r12, E
m
Jpi ) σ12 ,
O
(ν,N)
T (r12, E
k
Jpi ) = τ
+(1)τ+(2) H
(ν,N)
T (r12, E
m
Jpi ) S12. (79)
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Fig. 9. (Color online) The parameters mββ and η
R
N versus the 0νββ-decay half-life of
76Ge (blue),
82Se(green) and 130Te(red) for T 0ν−exp
1/2
(136Xe) = 1.0 1027 yr. The horizontal lines correspond
to values of mββ and η
R
N , if there is a dominance of single mechanism. The QRPA NMEs (TBC,
Argonne src) and the non-quenched value of geffA are considered (see Tables 6 and 7).
with
r12 = r1 − r2, r12 = |r12|, rˆ12 = r12
r12
,
σ12 = ~σ1 · ~σ2, S12 = 3(~σ1 · rˆ12)(~σ2 · rˆ12)− σ12. (80)
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Here, r1 and r2 are the coordinates of the nucleons undergoing beta decay.
The neutrino potentials are integrals over the exchanged momentum q,
H
(ν,N)
K (r12, E
k
Jpi) =
2
π
R
∫ ∞
0
fK(qr12) F
(ν,N)(q2) hK(q
2)q2dq (81)
The functions fF,GT (qr12) = j0(qr12) and fT (qr12) = −j2(qr12) are spherical Bessel
functions. The functions hK(q
2) that enter the HK ’s through the integrals over q
in Eq. (81) are
hF (q
2) = g2V (q
2) (82)
hGT (q
2) =
g2A(q
2)
g2A
[1− 2
3
q2
q2 +m2pi
+
1
3
(
q2
q2 +m2pi
)2] +
2
3
g2M (q
2)
(geffA )
2
q2
4m2p
,
hT (q
2) =
g2A(q
2)
g2A
[
2
3
q2
q2 +m2pi
− 1
3
(
q2
q2 +m2pi
)2] +
1
3
g2M (q
2)
(geffA )
2
q2
4m2p
Here, the Partially Conserved Axial Current (PCAC) hypothesis has been em-
ployed. The finite nucleon size is taken into account via momentum dependence
of the nucleon form-factors. For the vector, weak-magnetism and axial-vector form
factors we adopt the usual dipole approximation as follows:
gV (q
2) =
gV
(1 + q2/M2V )
2
, gM (q
2) = (µp − µn)gV (q2), gA(q2) = g
eff
A
(1 + q2/M2A)
2
,
(83)
where gV = 1, (µp − µn) = 3.70. The parameters MV = 850 MeV and MA =
1 086 MeV come from electron scattering and neutrino charged-current scattering
experiments.
The difference in the calculation ofM0νν (g
eff
A ) andM
0ν
N (g
eff
A ) has origin in factors
F (ν,N)(q2). We have
F (ν)(q2) =
1
q (q + EmJpi − (Ei + Ef )/2)
, F (ν,N)(q2) =
1
me mp
. (84)
From the form of F (ν)(q2) it follows that corresponding potentials (81) depend
weakly on the energies of the virtual intermediate states, EmJpi as the mean neutrino
momentum is large about 100-200 MeV. As F (ν,N)(q2) does not depend on the en-
ergy of intermediate states, the summation over these states by using completeness
relation
1 =
∑
Jpim
|Jpim〉〈Jpim〉. (85)
Then the calculation of M0νN (g
eff
A ) requires only the knowledge of initial and final
ground state wave functions. The same is valid also for calculation of M0νν (g
eff
A )
once the closure approximation for intermediate nuclear states is considered by re-
placing energies of intermediate states [EmJpi − (Ei + Ef )/2] by an average value
E ≈ 10 MeV .
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However, we note that a construction of reliable ground state wave functions re-
quires diagonalization procedure by which all states of the intermediate nucleus are
calculated. The problem with the averaged energy E is that its value is unknown
and there is no good way to calculate it.
The nuclear structure approaches do not allow one to introduce the short-range
correlations into the two-nucleon relative wave function. The traditional way to
take them into account is to introduce an explicit Jastrow-type correlation function
f(r12) into the involved two-body transition matrix elements
〈ΨJ ‖ f(r12)OK(r12)f(r12) ‖ ΨJ 〉. (86)
Here,
|ΨJ 〉 = f(r12) |ΨJ 〉, |ΨJ 〉 ≡ |n(1), n′(2);J 〉 (87)
are the relative wave function with and without the short-range correlations, re-
spectively. Currently, for purpose of numerical calculation of the 0νββ-decay NMEs
the coupled cluster method short-range correlation functions in an analytic form of
Jastrow-like function are used,
f(r12) = 1 − c e−ar
2
(1− br2). (88)
The set of parameters for Argonne and CD-Bonn NN interactions is given by
set A : a = 1.59 fm−2, b = 1.45 fm−2, c = 0.92,
set B : a = 1.52 fm−2, b = 1.88 fm−2, c = 0.46.
(89)
Another option is to adopt the the unitary correlation operator method (UCOM)
approach for description of the two-body correlated wave function.267
8.1. Nuclear matrix elements for non-quenched value of axial
vector coupling constant
There is a variety of nuclear structure methods used for the calculation of the 0νββ-
decay NMEs. The differences among them are due to construction of the mean field,
the ways residual interaction is fixed, the size of the considered single nucleon model
space, the many-body approximations are used in the diagonalization of the nuclear
Hamiltonian and the type considered short-range correlations.
In the last few years there is a lot of activity in the field of calculation of the
0νββ-decay NMEs and significant progress has been achieved. Five different many-
body approximate methods have been applied for the calculation as follows:
(1) The Interacting Shell Model (ISM) (Strasbourg-Madrid (StMa)250 and Central
Michigan University (CMU)251 groups).
The disadvantage of the ISM is that only a limited number of orbits close to the
Fermi level is considered The advantage is that all possible correlations within
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the space are included. As a result a good spectroscopy of low-lying excited
states for parent and daughter nuclei is achieved. This approach has been ap-
plied only for six double beta decay systems with A=48, 76, 82, 124, 130 and
136. The CMU group managed to perform calculation without consideration of
the closure approximation.251, 268–270 In addition, useful multipole decomposi-
tion of the 0νββ-decay nuclear matrix element was presented.
For a given choice of harmonic single particle states it can allow a large number
of nucleons to be put in these orbitals leading to large configuration mixing.
Unfortunately, however, even with the most advanced computers, in order to
get a manageable size of the resulting shell model matrices, the number of
orbitals is restricted, usually ≤ 4.
This limitation can be somewhat overcome by considering doorway states in
perturbation theory. Suppose that the double beta decay operator for light
neutrinos in the case of the closure approximation is given by
T0 =
∑
i<j
τ+i τ
+
j
(
f2V − g2Aσi.σj
)
, T1 =
∑
i<j
τ+i τ
+
j
(
f2V − g2Aσi.σj
) 1
rij
(90)
Suppose now that the ground state of the initial nucleus (N,Z) obtained in the
ISM is |i〉 > and that of the final (N − 2, Z + 2) nucleus is |f〉. Consider now
the door way states di and df built on the initial and final states respectively,
namely
di = T0|i〉 >, df = T †0 |f〉 > . (91)
Suppose further that the states di and df are normalized and orthogonalized
to the final and and initial ISM states respectively, i.e. :
〈di|f〉 = 0, 〈df |i〉 = 0, 〈di|di〉 = 1, 〈df |df 〉 = 1. (92)
Then using the employed nucleon-nucleon interaction one computes the mixing
to the final and initial states as follows:
Cf =
〈di|V |f〉
Edi − Ef
, Ci =
〈df |V |i〉
Edf − Ei
(93)
where Edi , Edf are the energies of the doorway states and Ei and Ef are the
energies of the initial and final states obtained in the ISM.
The the neutrinoless double beta decay nuclear matrix element can be given
as:
M0νν = 〈f |T |i〉+ Cf 〈di|T |i〉+ Ci〈f |T |df〉 (94)
where T is the transition operator, as described in section 7, with the first ME
as obtained in the lSM. In this approach one will manage to include any missing
the spin-orbit partner in the ISM, which guarantees that the Ikeda sum rule is
fulfilled.
If one wants to be more ambitious one may use the operatorT1 instead of T0.
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It is clear that this treatment does not avoid the number of operations involved
in the full Hilbert space. The only great advantage is that it does not lead to
an increase of the already large matrix dimensions involved in the ISM.
(2) Quasiparticle Random Phase Approximation (QRPA) (Tuebingen-Bratislava-
Caltech (TBC),107, 253 Jyva¨skyla (Jy),254 and Noth-Caroline University
(NC)271 groups).
The formalism of the spherical107 and deformed253 QRPA has been improved
by the TBC group by achieving partial restoration of the isospin symmetry by
the requirement that 2νββ-decay Fermi matrix element vanishes, as it should,
unlike in previous version of the method. It was achieved by separating the
renormalization parameter gpp of the particle-particle proton-neutron interac-
tion into isovector and isoscalar parts. The isovector parameter gT=1pp was chosen
to be essentially equal to the constant gpair used to renormalize the nucleon
pairing interactions. So, no new parameter was needed. As a result in the case
of 0νββ-decay the Fermi matrix element is substantially reduced, while the full
matrix element M0νν is reduced by ≈ 10%. The Jy group improved their calcu-
lation254 by following the calculation procedure of the TBC group apart from
the isospin restoration. Unlike in their previous calculations272–274 the tensor
contribution to M0νν has been found to be non-negligible in agreement with
the TBC results.107 In both, TBC and Jy calculations the pairing and residual
interactions of the nuclear Hamiltonian and the two-nucleon short-range corre-
lations (SRC) are derived from the same realistic nucleon-nucleon interaction
(CD-Bonn and Argonne potentials) by exploiting the Brueckner-Hartree-Fock
and coupled cluster methods. Contrary, calculation of the NC group are per-
formed within the deformed QRPa approach by exploiting the Skyrme inter-
action. We note that there is a new QRPA approached developed by Terasaki
in which the 0νββ-decay NME is calculated with particle-particle QRPA by
two particle transfer to the intermediate nucleus (A+2,Z+2) nucleus under the
closure approximation, instead the true double-beta path through (A,Z+1) nu-
cleus.275 The obtained result for 150Nd are in a rather good agreement with
that of the TBC group within deformed QRPA approach.253
(3) Interacting Boson Model (IBM).252
In the IBM the low lying states of the nucleus are modeled in terms of either
L=0 (s boson) or L=2 (d boson) states. Recently, the IBM-2 approach has
been also improved by considering isospin restoration in the calculation of the
0νββ-decay NMEs.252 It affected slightly the Fermi contribution toM0νν , which
become smaller.
(4) The Projected Hartree-Fock-Bogoliubov Method (PHFB)276 and non-
relativistic277 and relativistic111 the Energy Density Functional Method (EDF)
methods.
Recently, within the PHFB approach a systematic study of the uncertainties
in calculated 0νββ-decay matrix elements has been performed by consider-
ing different sets of schematic residual interaction and Jastrow-like short-range
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correlations.276 The advantage of the PHFB is that the PHFB wave functions
posses good particle number and angular momentum obtained by projection
on the axially symmetric intrinsic HFB states. The EDF is considered to be
an improvement with respect to the PHFB. Compared with the PHFB, the
EDF includes additional correlations connected with particle number projec-
tion, as well as fluctuations in quadrupole shapes and pairing gaps. Recently,
a systematic study of the 0νββ-decay matrix elements was presented in the
framework of the relativistic EDF (REDF) method.111 For sake of simplicity
often calculations are performed without taking into account two-body short-
range correlations.
(5) The ab initio methods.278–281 The issue of ab initio methods is the description
of nuclei starting from the constituent nucleons and the realistic interactions
among them. The nuclear forces include two-, three- and possibly higher many-
nucleon components. This approach has so far been applied successfully for
nuclear structure properties of light nuclei. Thus up to now there have been
no results for double beta transitions apart for some toy model calculations. It
might be that the ab initio 0νββ-decay results for 48Ca will appear soon.
It goes without saying that each of the applied methods has some advantages and
drawbacks and that there is space for further improvement of each of them.
In Table 6, recent results of the different methods forM0νν are summarized. The
presented numbers have been obtained with the non-quenched value of the axial
coupling constant (geffA = gA)
c, Thus, the discrepancies among the results of differ-
ent approaches are mostly related to the approximations on which a given nuclear
many-body method is based. From Table 6 it follows that there exists significant
difference between the results of the ISM and other approaches. The UCOM and
Brueckner (CD-Bonn and Argonne) short-range correlations were considered. The
impact of the choice of the short-range correlations on the NME is not large, about
10%. The spread of values for a given isotope is mostly given by factor 2 and for
48Ca about factor 5. The spread for a given isotope is affected by the presence
of results calculated with the ISM and the REDF approaches, which usually offer
the smallest and largest value of calculated NME. In order to estimate the current
uncertainty in NMEs for a given isotope we take advantage of calculation of mean
values and variances following Refs.282, 283 We see that the smallest uncertainty is
reported by 128Te, 100Mo (not calculated within the ISM) and 82Se and the largest
by 48Ca.
In Table 7, recent results of different methods for M0νN are presented. They
have been achieved within the ISM, IBM, QRPA and PHFB methods but not
in the EDF approach. This fact is probably a reason of small spread of results
for 48Ca. The results with the CD-Bonn short-range correlations are significantly
c A modern value of the axial-vector coupling constant is gA = 1.269. We note that in the referred
calculations of the 0νββ-decay NMEs the previously accepted value geffA = gA = 1.25 was assumed.
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Table 6. The NME of the 0νββ-decay M0νν calculated in the framework of different approaches:
interacting shell model (ISM) (Strasbourg-Madrid (StMa)250 and Central Michigan University
(CMU)250, 251 groups), interacting boson model (IBM),252 quasiparticle random phase approx-
imation (QRPA) (Tuebingen-Bratislava-Caltech (TBC),107, 253 Jyva¨skyla (Jy),254 and Noth-
Caroline University271 groups), projected Hartree-Fock Bogoliubov approach (PHFB),276 non-
relativistic277 energy density functional method.111 The Argonne, CD-Bonn and UCOM two-
nucleon short-range correlations are taken into account. Averaged nuclear matrix element of dif-
ferent approaches and its variances for a given isotope are calculated following Refs.282, 283 The
non-quenched value of weak axial-vector coupling gA and R = 1.2 fm A
1/3 are assumed.
Method gA src M
0ν
ν
48Ca 76Ge 82Se 96Zr 100Mo 110Pd
ISM-StMa 1.25 UCOM 0.85 2.81 2.64
ISM-CMU 1.27 Argonne 0.80 3.37 3.19
CD-Bonn 0.88 3.57 3.39
IBM 1.27 Argonne 1.75 4.68 3.73 2.83 4.22 4.05
QRPA-TBC 1.27 Argonne 0.54 5.16 4.64 2.72 5.40 5.76
CD-Bonn 0.59 5.57 5.02 2.96 5.85 6.26
QRPA-Jy 1.26 CD-Bonn 5.26 3.73 3.14 3.90 6.52
dQRPA-NC 1.25 without 5.09
PHFB 1.25 Argonne 2.84 5.82 7.12
CD-Bonn 2.98 6.07 7.42
NREDF 1.25 UCOM 2.37 4.60 4.22 5.65 5.08
REDF 1.25 without 2.94 6.13 5.40 6.47 6.58
Mean value 1.34 4.55 4.02 3.78 5.57 6.12
variance 0.81 1.20 0.91 2.49 0.58 1.78
Method gA src M
0ν
ν
116Cd 124Sn 128Te 130Te 136Xe 150Nd
ISM-StMa 1.25 UCOM 2.62 2.65 2.19
ISM-CMU 1.27 Argonne 2.00 1.79 1.63
CD-Bonn 2.15 1.93 1.76
IBM 1.27 Argonne 3.10 3.19 4.10 3.70 3.05 2.67
QRPA-TBC 1.27 Argonne 4.04 2.56 4.56 3.89 2.18
CD-Bonn 4.34 2.91 5.08 4.37 2.46 3.37
QRPA-Jy 1.26 CD-Bonn 4.26 5.30 4.92 4.00 2.91
dQRPA-NC 1.25 without 1.37 1.55 2.71
PHFB 1.27 Argonne 3.90 3.81 2.58
CD-Bonn 4.08 3.98 2.68
NREDF 1.25 UCOM 4.72 4.81 4.11 5.13 4.20 1.71
REDF 1.25 without 5.52 4.33 4.98 4.32 5.60
Mean value 4.34 3.07 4.34 3.42 2.59 3.01
variance 0.79 1.01 0.23 1.67 1.10 1.34
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larger in comparison with those using Argonne short-range correlations. The largest
values are reported by the QRPA. The explanation might be that there is larger
momentum transfer between nucleons by the heavy neutrino in comparison with
light neutrino exchange. Therefore, the role of transitions through higher multipoles
is expected to be important. But, these states are not described within the ISM
and the IBM and as result the value of M0νN is reduced.
The range of results produced within different nuclear models for a given iso-
tope (see Tables 6 and 7) means that some of them, or generally all of them,
are deficient in the way they incorporate some important physics. It is not clear
which nuclear physics observables and/or nuclear models need be reproduced to
give a reliable prediction for the 0νββ-decay NME, apart from the 2νββ-decay
NMEs deduced from the measured half-lives. But, none of the discussed models
can do it reliably now. Complementary experimental information from processes
like charge-exchange and particle transfer reactions, muon capture and charged
current (anti)neutrino-nucleus reactions is assumed to be also relevant (see section
6.5). The occupancies of valence neutron and proton orbits have been extracted by
accurate measurements of one nucleon adding and removing transfer reactions by
J. Schiffer and collaborators284 for double beta decay systems with A= 76 (protons
and neutrons235, 285), 100 (neutrons286), 130 (neutrons287 and protons288) and 136
(proton288). The Gamow-Teller strengths to intermediate nucleus have been inves-
tigated via charge-exchange reactions for A=48 (β−289 and β+289), 76 (β−228), 96
(β−230), 100 (β−229), 128 (β−227), 130 (β−227), 130 (β−226) and 150 (β−225 and
β+225). Unfortunately, there is no available or useful information about the β+
strengths connecting intermediate and final nuclei for many double beta decaying
systems. These transitions might be probed not only by charge-exchange reactions,
but with muon capture as well.
There are two important questions in the context of the calculation of the 0νββ-
decay NME: i) What is behind the smallness of both 2νββ- and 0νββ-decay matrix
elements? ii) Is the sensitivity the QRPA to the renormalization of particle-particle
interaction of nuclear Hamiltonian an artifact of the QRPA? Vogel and Zirnbauer
discussed a possibility that the underlying symmetry is the spin-isospin Wigner
SU(4) symmetry.92, 290 The main argument against it was the fact that in medium-
heavy and heavy nuclei the SU(4) symmetry is badly broken by spin-orbit splitting.
Recently, the 2νββ-decay Gamow-Teller and Fermi transitions were studied within
an exactly model, which allows a violation of both spin-isospin SU(4) and isospin
SU(2) symmetries.291 It was found that the model reproduces the main features
of realistic calculation within the QRPA with isospin symmetry restoration, in
particular the dependence of the 2νββ-decay decay matrix elements on ithe sovector
and isoscalar particle-particle interactions. By using perturbation theory an explicit
dependence of the 2νββ-decay matrix elements on the like-nucleon pairing, particle-
particle proton-neutron interaction was obtained. It was found that these matrix
elements do not depend on the mean field part of Hamiltonian and that they are
governed by a weak violation of both SU(2) and SU(4) symmetries by the particle-
December 12, 2016 1:25 WSPC/INSTRUCTION FILE DBDR9
50
Table 7. The NME of the 0νββ-decay M0νN calculated in the framework of different approaches:
interacting shell model (ISM) (Strasbourg-Madrid (StMa)250 and Central Michigan University
(CMU)251 groups), interacting boson model (IBM),252 quasiparticle random phase approximation
(QRPA) (Tuebingen-Bratislava-Caltech (TBC)107, 253 and Jyva¨skyla (Jy)254 groups), projected
Hartree-Fock Bogoliubov approach (PHFB).255 The Argonne, CD-Bonn and UCOM two-nucleon
short-range correlations are taken into account. The non-quenched value of weak axial-vector
coupling gA and R = 1.2 fm A
1/3 are assumed.
M0νN
Method gA src
48Ca 76Ge 82Se 96Zr 100Mo 110Pd
ISM-StMa 1.25 UCOM 56.5 133 122
ISM-CMU 1.27 Argonne 52.9 126 127
CD-Bonn 75.5 202 187
IBM 1.27 Argonne 47 104 83 99 164 154
QRPA-TBC 1.27 Argonne 40.3 287 262 184 342 333
CD-Bonn 66.3 433 394 276 508 492
QRPA-Jy 1.26 CD-Bonn 401 287 308 350 476
PHFB 1.25 Argonne 101 195 230
CD-Bonn 141 267 316
M0νN
Method gA src
116Cd 124Sn 128Te 130Te 136Xe 150Nd
ISM-StMa 1.25 UCOM 141 144 115
ISM-CMU 1.27 Argonne 97.4 94.5 98.8
CD-Bonn 141 136 143
IBM 1.27 Argonne 110 79 101 92 73 116
QRPA-TBC 1.27 Argonne 209 184 302 264 152
CD-Bonn 302 279 454 400 228
QRPA-Jy 1.26 CD-Bonn 278 453 396 338 186
PHFB 1.27 Argonne 139 138 78.5
CD-Bonn 191 188 108
particle interaction of Hamiltonian.291 The fact that mean field, which breaks the
SU(4) symmetry, plays only secondary role in the evaluation of double beta decay
NMEs might be an explanation of both of the above posed questions. In order
to prove it is desired to perform beyond closure calculation of 2νββ-decay NMEs
within nuclear structure models of interest (ISM, (R)EDF, IBM etc) and to study
sensitivity of obtained results to proton-neutron residual interaction.
8.2. Impact of quenching of weak axial-vector coupling constant
on the NMEs
One important source of uncertainty inM ′
0ν
ν,N (g
eff
A ) (see Eq. 76) comes from the fact
that the effective value of the axial-vector coupling constant geffA is not well known.
The axial-vector coupling constant is renormalized due to nuclear medium effects
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and, unfortunately, it is reduced, i.e. quenched. The vector coupling constant, which
is not expected to be renormalized due to conserved vector current (CVC) hypothe-
sis, yields a smaller contribution to the nuclear matrix element. To a good accuracy
M ′
0ν
ν,N (g
eff
A ) is proportional to the squared value of g
eff
A and correspondingly the
decay-rate to its the fourth power. Thus, quenching of axial-vector coupling con-
stant is very important for double beta decay. The origin of the quenching is not
completely known. This effect is usually attributed to the ∆-isobar admixture in
the nuclear wave function or to the shift of the GT strength to higher excitation
energies due to the short-range tensor correlations.
It has been shown that the axial vector single β-decay NMEs for GT 1+, SD 2−
and others, which may affect the DBD NMEs, are reduced with respect to pnQRPA
calculations due to the non-nuclear and nuclear medium effects which are not in-
cluded in pnQRPA,216, 217 but it is not clear what is the most important part, i.e.
the fraction to nuclear medium effects, which will affect the NME obtained in other
nuclear models, e.g. in the context of ISM.
Different observations and nuclear structure calculations predict various values
of geffA :
• (gA)4 = (1.269)4 = 2.59. A modern value of axial-vector coupling constant of
a free nucleon is gA=1.269 (previously, gA = 1.254 was considered). This non-
quenched value (geffA = gA) is often adopted in the calculation of M
′0ν
ν,N (g
eff
A )
and offers its largest value.
• (geffA )4 ≃ 1.00 (Experimental prediction). It is well known that sum of
Gamow???Teller β−-strengths to individual final states estimated by the
IKEDA sum rule is significantly larger than the experimental ones. That ef-
fect is known as the axial-vector current matrix elements quenching. In order
to account for this, it is customary to quench the calculated GT matrix ele-
ments up to 70%. Formally, this is accomplished by replacing the true value of
the coupling constant gA = 1.269 by a quenched value g
eff
A = 1.0.
• (geffA )4 ≃ 0.66 (48Ca), 0.66 (76Ge), 0.30 (76Se), 0.20 (130Te) and 0.11 (136Xe)
(The ISM calculation292, 293). The shell model, which describes qualitatively
well energy spectra, does reproduce experimental values of M2ν only by con-
sideration of significant quenching of the Gamow-Teller operator, typically by
0.45 to 70%.
• (geffA )4 ≃ (1.269 A−0.18)4 = 0.063 (The IBM prediction293). This is an incredible
result. The quenching of the axial-vector coupling within the IBM-2 is more like
60%.293 It has been determined by theoretical prediction for the 2νββ-decay
half-lives, which were based on within closure approximation calculated corre-
sponding NMEs, with the measured half-lives.
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• (geffA )4 ≃ 0.30 and 0.50 for 100Mo and 116Cd, respectively (The QRPA pre-
diction). In Ref.294 geffA was treated as a completely free parameter alongside
gpp (used to renormalize particl-particle interaction) by performing calculations
within the QRPA and RQRPA. It was found that a least-squares fit of geffA and
gpp, where possible, to the β-decay rate and β
+/EC rate of the Jpi = 1+ ground
state in the intermediate nuclei involved in double-beta decay in addition to
the 2νββ rates of the initial nuclei, leads to an effective geffA of about 0.7 or 0.8.
This value, which is comparable to that needed in the shell model to reproduce
2νββ-decay rates is significantly smaller than 1.0 - 1.27, the range usually used
in the QRPA.104 The above statistical approach has been extended also for
analysis of 47 isobaric triplets 28 more extended isobaric chains of nuclei to
extract values and uncertainties for geffA in calculations performed within the
QRPA. A comparatively small value of geffA was found.
295
We see that the uncertainty in the calculated 0νββ-decay half-life due to quenching
is quite large.
The quenching of axial-vector coupling constant is assumed to have different
sources like the truncation of the many-nucleon Hilbert space and the many-body
currents, which reduce matrix elements by amounts that are still in dispute. The ef-
fect of two-body currents can be isolated by defining new effective one-body current
with the factor gA(p
2) replaced by an effective coupling geffA (p
2), given by
geffA (p
2) = gA(p
2)
(
1− ρ
F 2pi
[
cD
gaΛχ
+
2
3
c3
p2
4m2pi + p
2
+I(ρ, 0)
(
1
3
(2c4 − c3) + 1
6m
)])
, (95)
with
I(ρ, P ) = 1− 3m
2
pi
2k2F
+
3m3pi
2k3F
acot
[
m2pi +
P 2
4 − k2F
2mpikF
]
(96)
+
3m2pi
4k3FP
(
k2F +m
2
pi −
P 2
4
)
ln
[
m2pi + (kF − P2 )2
m2pi + (kF +
P
2 )
2
]
.
Here, kF is the Fermi momentum and P is the center-of-mass momentum of the
decaying nucleons, which can be set to zero without altering I(ρ, P ) significantly.296
The constants c3, c4, and cD are the effective field theory parameters, fit to data
in light nuclei.296
The 0νββ-decay matrix element has a different form than does the 2νββ matrix
element and it might be that the quenching 2νββ decay has a smaller effect on 0νββ-
decay. First, this issue was discussed in the context of the two-body currents and
the ISM in Ref.296 It was found that the effect of the two-body currents decreases
as the momentum transfer increases, and so such currents will quench 2νββ-decay
NME, for which the momentum transfer is essentially zero, more than the 0νββ-
decay NME, since in the latter case the intermediate neutrino can transfer several
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Fig. 10. (Color online) Nuclear matrix element M ′0νν . The blue circles represent the results with
the one-body current (1bc) only, and the red diamonds the average of the results with two-body
currents (2bc) included. The error bars represent the dispersion in those values.
hundred MeV of momentum from one decaying nucleon to the other. Later this
finding was also confirmed within the QRPA.297 The conclusion is that, if most of
the quenching is due to two-body currents, as effective field theory suggests, the
0νββ-matrix elements may be quenched by a factor on the order of 30%.296, 297
The nuclear matrix elementM ′0ν calculated for the nuclei of experimental interest,
obtained by consideration both one- and two-body currents within the QRPA,297
are displayed in Fig. 10.
Currently, it is difficult to assign both systematic and statistical uncertainties to
calculated NMEs.298 The most sophisticated way to do it has been proposed in the
framework of the QRPA282 and applied later within the PHFB.276 Further, within
the QRPA for a given set of nuclei, it has been shown that the correlations among
NME errors are as important as their size.299, 300 It is desired that also other groups
present “statistical samples” of NME calculations as well, in order to provide inde-
pendent estimates of (co)variances for their NME estimates. A covariance analysis
proposed299, 300 is the way to estimate correctly current or prospective sensitivities
to effective Majorana neutrino mass mββ.
The investigation of the quenching of the axial current in double beta decay will
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be illuminated by the relevant experimental searches (see section 6.5).
Accurate determination of the NMEs, and a realistic estimate of their uncer-
tainty, remains of great importance. Methods are developed and improved. Increas-
ing computer power should allow them to include all important nuclear physics
aspects and to reproduce relevant nuclear physics observables. The ultimate goal is
to evaluate Nuclear matrix elements with uncertainty of less than 30% to establish
the unknown neutrino mass scale. To this end, it is crucial that the theory groups
consider all factors outlined above in order to evaluate NMEs within 15 % uncer-
tainty and the experimental groups provide relevant data to be used in checking
these models.
9. Concluding remarks
In this review we analyzed the 0νββ-decay process, which is the oldest and perhaps
the best to test lepton number violation and at the same time settle the issue of
the nature of the neutrino, i.e. whether the neutrino mass eigenstates are of the
Majorana or Dirac type. We also have seen that it is the best process to settle the
neutrino mass scale in the few meV scale. To achieve these goals first, and most
important, some serious experimental problems must be overcome in order to be
able measure life times of the order of ≥ 1026y. We have discussed the ongoing,
planned and future experiments. We have witnessed a great progress in tackling
the various background problems, improving the energy resolution and preparing
large masses of the needed isotopes.
To encourage and guide the experiments we considered a variety of particle models,
which allow the double beta decay to occur at a reasonable level. The most im-
portant mechanism involves the light Majorana neutrino, but we considered other
competing mechanisms as well.
In order to extract useful information from the data i) the phase space integrals
must be reliably calculated. There has been great progress in this direction, but we
are haunted by the quenching of the axial current. This is crucial in determining
the expected life time. There appears to be hope towards determining its effective
value by using other related experimental information. ii) The precise evaluation of
the nuclear matrix elements themselves. It is encouraging that all available nuclear
models (the Interacting Shell Model, the Quasiparticle Random Phase Approxima-
tion, the Interacting Boson Model, the Projected Hartree-Fock-Bogoliubov Method
and the Energy Density Factional Method) are being used in the evaluation of all
the needed 0νββ-decay nuclear matrix elements. The fact that these vastly differ-
ent models agree in the predicted values of these ME for various mechanisms and
a number of different targets as well as the fact that they reproduce data on other
related experiments, such as single beta decay rates and charge exchange reactions,
gives us confidence that they are perhaps estimated better than a factor of 2. Ad-
mittedly we have not witnessed any great progress during the last few years and
this situation must be improved. It is hoped that some constraints may arise by
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utilizing experimental input from other processes.
It is clear that the mere observation of double beta decay will be a triumph of
physics. The next day, however, the extraction of the most useful parameter, namely
the determination of the scale of the neutrino mass, will begin. It has been shown
that,24 given adequate information on a number of judiciously chosen targets, the
neutrino mass can, in principle, be extracted from the data even in the case that
other competing mechanisms may significantly contribute to this process.
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